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A B S T R A C T  

This paper is the fomth in a series on the structure of sets of solutions 
to systems of equations in a free group, projections of such sets, and the 
structure of elementary sets defined over a free group. In the fourth paper 
we present an iterative procedure that validates the correctness of an AE 
sentence defined over a flee group. The terminating procedure presented 
in this paper is the basis for our analysis of elementary sets defined over 
a free group presented in the next papers in the series. 

I n t r o d u c t i o n  

In the first three papers  in the sequence on Diophan t ine  geometry  over groups 

we s tudied sets of solut ions to systems of equat ions  in a free group, and  de- 

veloped basic techniques and  objects  required for the analysis  of sentences and  

e lementary  sets defined over a free group. In  the first paper  in this sequence we 

s tudied sets of solut ions to systems of equat ions  defined over a free group and  

paramet r ic  families of such sets, and  associated a canonical  Makanin  Razborov 

d iagram tha t  encodes the entire set of solut ions to the system. Later  on we 

s tudied systems of equat ions  with parameters ,  and  with each such system we 

associated a (canonical)  graded M a k a n i n - R a z b o r o v  d iagram tha t  encodes the 

Makanin  Razborov diagrams of the systems of equat ions  associated with each 
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specialization of the defining parameters. In the second paper we generalized 

Merzlyakov's theorem on the existence of a formal solution associated with a 

positive sentence [Me]. We first constructed a formal solution to a general AE 

sentence which is known to be true over some variety, and then presented for- 

real limit groups and graded formal limit groups that  enable us to collect and 

analyze the collection of all such formal solutions. 

In this paper we apply the structural results obtained in the first two papers 

in the sequence, to analyze AE sentences. As we have seen in the first section 

of the second paper, given a true sentence of the form 

Vy 3x E(x,y,a) = l A ~(x,y ,a)  r l 

it is impossible to find a finite collection of formulas of the form x = x(y, a) 

that  prove the validity of the sentence. To analyze an AE sentence we associate 

with it an iterative procedure that  produces a sequence of varieties and formal 

solutions defined over them. 

The general form of Merzlyakov's theorem ([Se2], 1.18) implies that  if an 

AE sentence is true over some variety, then there exist formal solutions de- 

fined over closures of completions of the given variety (i.e., the formal solutions 

constructed by the general Merzlyakov theorem are defined not on the variety 

itself, but rather on Diophantine subsets of the variety). Since the definition 

of completions and closures associated with a given variety ([Se2], 1.12) require 

the introduction of additional variables, the varieties produced along the itera- 

tive procedure for the validation of an AE sentence we present are determined 

by larger and larger sets of variables, and so are the formal solutions defined 

over them. Still, by carefully analyzing these varieties and properly measuring 

the complexity of Diophantine sets associated with them, we are able to show 

that  certain complexity of the varieties produced along the procedure strictly 

decreases, which finally forces the iterative procedure to terminate after finitely 

many steps. 

The outcome of the terminating iterative procedure is a collection of varieties, 

together with a collection of formal solutions defined over them. The varieties 

are determined by the original universal variables y, and extra (auxiliary) vari- 

ables. The collection of varieties gives a partit ion of the initial domain of the 

universal variables y, which is a power of the original free group of coefficients, 

into sets which are in the Boolean algebra of universal sets, so that  on each such 

set the sentence can be validated using a finite family of formal solutions. Hence, 

the outcome of the iterative procedure can be viewed as a stratification theorem 
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that  generalizes Merzlyakov's theorem from positive sentences to general AE 

ones. 

Since the iterative procedure is rather involved, we prefered to present it first 

in two special cases, which are conceptually and technically simpler, but they 

already demonstrate some of the principles used in the general case. In the 

first section we present an iterative procedure in the minimal rank case, i.e., for 

sentences for which the limit groups involved in their analysis are all of minimal 

possible rank (rank 0), i.e., limit groups that  do not admit an epimorphism 

onto a free group so that the coefficient group is mapped onto a proper factor. 

In the second section we analyze a generalization of the minimal rank case, 

the case of maximal rank homomorphisms of general limit groups. In both 

cases all maps in question are shown to be "geometric", which enables one to 

use "purely" geometric concepts in analyzing the varieties and the resolutions 

constructed along the procedure. In the third section we construct tools needed 

for generalizing the iterative procedure. These involve resolutions inherited by 

Diophantine set from a resolution of a variety. The fourth section finitely 

presents the iterative procedure for validation of a sentence in the general case 

and proves its finite termination. 

ACKNOWLEDGEMENT: We are deeply grateflfl to Mladen Bestvina, Eliyahu 

Rips, and the referee, who carefully read earlier versions of the manuscript and 

helped us improve the presentation. 

1. T h e  m i n i m a l  r a n k  case  

Our "trial and error" procedure for quantifier elimination is constructed iter- 

atively. As we will see in the next papers the existence of formal solutions, 

and graded formal limit groups presented in [Se2], are the basic tools needed 

for constructing the procedure. This paper is devoted to the remaining tools 

needed for constructing our iterative procedure for quantifier elimination. In 

order to develop the needed tools and demonstrate our approach to quantifier 

elimination, we present a simplified version of the iterative procedure in this 

section. 

Given a true sentence of the form 

Vy 3z ~(z,  y, a) = 1 A ~(x,  y, a) r 1 

the iterative procedure presented in this section constructs a finite sequence of 

limit groups (defined in terms of the coefficients a, the variables y, and some 
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additional auxiliary variables), some well-structured resolutions of these limit 

groups, and for each well-structured resolution a set of formal solutions defined 

over a covering closure of the resolution. Using the resolutions, closures, and 

formal solutions constructed by the procedure, we will be able to divide the 

domain of y's into a finite collection of sets, so that  on each set from this finite 

union, the validity of the sentence can be verified using a unique formula. 

We start our warm-up procedure with the following rather straightforward 

proposition. 

PROPOSITION 1.1: Let Fk = <  a l , . . .  ,ak > be a free group and let 

Vy 3x E (x , y ,a )  = l A ~ ( x , y , a )  ~ l 

be a true sentence defined over Fk. Let Fy = <  Y l , . . . , Y e  > be the free group 

defined over the variables Yl , . . . , Ye. 

Then there exists a formal solution x = x(y, a), and a finite set of restricted 

limit groups R l im l  (y, a ) , . . . ,  Rlimm(y,  a) for which: 

(i) The words corresponding to the equations in the system E(x(y, a), y, a) = 

1 represent the trivial word in the free group Fk * Fy. 

(ii) For every index i, R l imi  (y, a) is a proper quotient of the free group Fk * Fy. 

(iii) Let BI(y) , - - - ,Bm(y)  be the basic sets (varieties) corresponding to the 

restricted limit groups R l im l  (y, a), . . . , Rl imm(y,  a). I f  

y r B, u . . .  u 

and r  (x, y, a) is a word corresponding to one of the inequalities in the 

system ~ ( x , y , a )  ~ 1, then Cj (x (y ,a ) , y ,a )  ~ 1. 

Proof: Let ~1 (x, y, a) = 1 , . . . ,  r y, a) = 1 be the defining equations of the 

system ~2(x,y,a) = 1. By theorem 1.2 of [Se2] there exists a formal solution 

x = x(y, a) for which condition (i) holds, and there exists some specialization Y0 

of the variables y, so that  for every index j ,  1 <_ j <_ r, Cj(x(yo,a) ,yo,a)  ~ 1. 

Let Rl iml (y ,  a ) , . . . ,  Rlimm(y,  a) be the union of the maximal restricted limit 

groups corresponding to the equations ~ j ( x ( y , a ) , y , a )  = 1, for 1 ~ j ~ r. 

Since there exists a specialization Y0 for which for every index j ,  1 <_ j <_ r, 

~j(x(yo ,a) ,yo ,a)  ~ 1, each restricted limit group Rl imi (y ,a )  is a proper 

quotient of the free group Fk * F v, and we get part (ii). Let B I ( y ) , . . .  ,Bin(y) 

be the basic sets corresponding to the maximal restricted limit groups 

Rl iml (y ,  a) . . . . .  R l imm(y ,  a). By the construction of these maximal restricted 
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limit groups, if y ~ BI(y) tO...  U Bin(y) then ~bj(x(y,a),y,a) • 1 for every 

1 _< j <_ r, and we get part (iii) of the proposition. | 

Proposition 1.1 gives a formal solution that proves the validity of the given 

sentence on a co-basic set (Fk) e \ (BI(y) U... U Bin(y)), hence the rest of the 

procedure needs to construct formal solutions that  prove the validity of the 

sentence on the remaining basic sets (varieties) B I ( y ) , . . . , B m ( y ) .  Since our 

treatment of the restricted limit groups Rliml (y, a),..., Rlimm (y, a) that define 

the basic sets B I ( y ) , . . .  ,B,~(y) is independent, we will continue with one of 

these limit groups, which for brevity we denote Rlim(y, a). Note that  Rlim(y, a) 
is a proper quotient of the free group Fk * F v. 

Let Rlim(y, a) be a restricted limit group. By proposition 1.10 of [Se2] with 

Rlim(y, a) one can associate its strict Makanin-Razborov diagram. Let 

Resl(y,a),...,Ress(y,a) 

be the resolutions in this strict diagram. Each resolution in the diagram is a 

strict Makanin-Razborov resolution either of the restricted limit group 

Rlim(y, a) or of a proper quotient of it, and every specialization of the restricted 

limit group Rlim(y, a) factors through one of the resolutions 

Res,, (y,a),...,Ress(y,a). 

Hence, with the strict Makanin Razborov diagram of Rlim(y,a) we can 

associate a tuple of couples (Rlimi(y,a),Resi(y,a)), where Rlimi(y,a) is 

either Rlim(y,a) or a proper quotient of it, and Res~(y,a) is a strict 

Makanin Razborov resolution of Rlirn~(y, a). 
Since every strict Makanin Razborov resolution is, in particular, a well struc- 

tured resolution (definition 1.11 in [Se2]), with each tuple 

( Rlimi(y, a), Resi(y, a) ) 

we can associate its completed resolution Comp(Res),(z, y, a) and a completed 

limit group Comp(Rlim)i(z,y,a). By lemma 1.14 of [Se2], every specializa- 

tion Y0 that  factors through the resolution Resi(y, a) factors through the com- 

pleted resolution Comp(Res)i(z,y,a) and through the completed limit group 

Comp(Rlim)i(z,y,a). Therefore, if Di(y) denotes the Diophantine set corre- 

sponding to the completed limit group Comp(Rlirn)i(z, y, a), and B(y) is the 

basic set corresponding to the original limit group Rlim(y,a), then B(y) = 
D,(y) U.. .  U Ds(y). 
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Since the continuation of the procedure is conducted independently for the 

tuples (Rlimi(y,  a), Resi(y,  a)), we will continue with one of them, which we de- 

note (Rl im(y ,  a), Res(y,  a)) for brevity, and we denote its completed resolution 

by Comp(Res)(y ,  a) and its completed limit group by Comp(Rl im)(y ,  a). 

PROPOSITION 1.2: Let Fk = <  a l , . . . ,  ak > be a free group, let Rl im(y ,  a) be 

a limit group, and let Res(y,  a) be a well-structured resolution of Rl im(y ,  a). 

There exists a covering closure Cl( R e s h  ( s, z, y, a), . . . , Cl( ReS)q( S, z, y, a) of the 

resolution Res(y ,a) ,  and for each index n, 1 <_ n <_ q there exists a formal 

solution xn( s, z, y, a), and a finite set of restricted limit groups 

�9 n a QRl imr(s ,  z, y, a ) , . . . ,  QRhrn,~(n )(s, z, y, ) 

for which: 

(i) For each index n, 1 < n < q, the words corresponding to the equations in 

the system E(x~(s, z, y, a), y, a) represent the trivial word in the closure 

Cl(Res)~(s ,  z, y, a). 
(ii) For every index n, the restricted limit groups 

�9 n S a )  QRlim~(s ,  z, y, a),. . . ,  QRhmm(~)  ( , z, y, 

are proper quotients of the n-th closure Cl( Res)~( s, z, y, a). 

(iii) For every index n, 1 < n < q, let Dn(y)  be the Diophantine set corre- 

sponding to the closure Cl(Res)~(s,  z, y, a), and let D[~(y),. . .  D ~ , 

be the Diophantine sets corresponding to the restricted limit groups 

QRlirn~l~(S, z, y, a), . . ., QRlim;~(~)(s, z, y, a). 

Let ~j (x, y, a) be a word corresponding to one of the inequalities in the 

system ~ (x , y , a ) .  If'for some index n, 1 <_ n <_ q, Yo E D~(y) and there 

exists some specialization (so, zo,Yo, a) that factors through the closure 

Cl(Res)n(S,  z, y, a), and (so, Zo, Yo, a) does not factor through any of the 

quotient limit groups Q Rlirn~( s, z, y, a), then for every index j ,  1 <_ j <_ r, 

 j(x (so,Zo,Yo,a), o,a) r 1. 

Proof." Let ~ l ( x , y , a )  = 1 , . . . , ~ r ( x , y , a )  = 1 be the defining equations of 

the system ~ ( x , y , a )  = 1. By theorem 1.18 of [Se2], there exists a covering 

closure Cl(ReS)l(S,  z, y, a ) , . . . ,  Cl(ReS)q (s, z, y, a) of the resolution Res(y,  a), 

and formal solutions xl (s, z, y, a ) , . . . ,  Xq(S, z, y, a) for which (i) holds, and for 

each index n, 1 _< n _< q, there exists some specialization (s~, z~, y~, a) of the 
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variables (s, z, y, a) that  factors through the n-th closure Cl(Res)~(s, z, y, a), so 

that  for every index j, 1 ~_ j <_ r, ~3(x~(s~J,zg,y;~,a),y;~,a) # 1. 
Hence, if for each index n, 1 < n < q, we set 

QRlim~(s, z, y, a ) , . . . ,  QRl~m,~(n ) (s, ~, y, a) 

to be the maximal restricted limit groups, which are the maximal quotients of 

the n-th closure Cl(Res)~(s, z, y, a), that  correspond to the collection of all the 

specializations of the closure Ct(Res),(s, z, y, a), that  satisfy 

for some index j ,  1 _~ j _~ r, then these maximal limit groups QRlim~ 
are proper quotients of the limit group associated with the n-th closure, 

Cl(Res)n(s,z,y,a), and part (ii) follows. Part  (iii) follows from the way the 

limit groups QRlim~ are defined. 1 

The formal solutions constructed by Propositions 1.1 and 1.2 prove the 

validity of the given sentence on the co-Diophantine set 

(Fk) e \ (D~(g) U ' "  U Dqn(q)(g)) , 

hence the rest of the procedure needs to construct formal solutions 

that  prove the validity of the sentence on the remaining Diophantine sets 

D~(y),. . . ,  Dqn(q)(y). Note that for each index n, 1 _~ n _~ q, the Diophantine 

sets D~(y) , . .  D ~ �9 , ~n(n) (Y) are defined using the tuple of variables (s, z, y, a) of the 

closure C l ( Re,s )~ ( s, z, y, a) of the strict Makanin-Razborov resolution Res( y, a) 
(of the restricted limit group Rlim(y, a)). This appearance of additional vari- 

ables emerging from closures of resolutions, a by-product of the use of formal 

solutions and the generalized Merzlyakov theorem ([Se2], 1.18), is unavoidable 

and is going to be an "obstacle" throughout our iterative procedure. Naturally, 

these additional variables make the iterative procedure more involved. 

Because of the technical complications, we prefer to present the iterative pro- 

cedure assuming that. all the restricted limit groups Rliml (y, a),... ,Rlim,~(y, a) 
obtained in the initial step of the procedure (Proposition 1.1) are of minimal 

rank (rank 0), i.e., we will assume that  for every restricted homomorphism from 

Rlimi(y, a) onto a free group Fk * F,  F must be the trivial group. This assump- 

tion simplifies the technicalities considerably, and allows better  demonstration 

of the geometric considerations that  will eventually guarantee the termination 

of the procedure. In the next sections of this paper, we gradually modify the 

procedure to the general case. 
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Since the continuation of the procedure is conducted independently for 

each tuple (Rlimi(y, a), Rest(y, a)), and a proper quotient QRlim~(s, z, y, a) 
of some closure Cl(ReS)n(S, z, y, a) of the resolution Resi(y, a), we will continue 

with one tuple which we denote (Rlim(y, a), Res(y, a)), and a proper quotient 

QRlim(s, z, y, a) of a closure Cl(Res)(s, z, y, a) of the resolution Res(y, a), and 

omit the relevant indices. 

The iterative procedure we present produces a sequence of well-structured 

resolutions and their completions. We will associate a complexity with each 

of the resolutions produced by the procedure, and show that the complexity 

decreases with each step of the procedure, a decrease that eventually forces the 

iterative procedure to terminate. 

As we already pointed out, for presentation purposes we will start by restrict- 

ing ourselves to the minimal rank case. We start describing the procedure by 

presenting the first step of the procedure, and define the resolutions it produces 

and their complexity. Next, we present the general step of the procedure, and 

prove that the complexity is strictly decreasing. By the way we define the com- 

plexity, the termination of the procedure is a straightforward consequence of 

the decrease in complexity. 

The first s tep of the  i terat ive procedure .  Recall that the completion 

of a resolution ([Se2], 1.12) is an w-residually free tower ([Sel], 6). In case 

the resolution is of minimal rank, the abelian decomposition associated with 

each level of the completion of the resolution contains a single distinguished 

vertex, all the other vertices are connected only to the distinguished one, and 

the stabilizers of the other vertices are either abelian or QH subgroups. 

Let z be (a finite set of) elements that generate the completed resolution 

Comp(Res)(z,y,a), and let Zbase be a subset of the elements z that gener- 

ate the subgroups associated with all the levels of the completed resolution 

Comp(Res)(z, y, a) except the top level (i.e., the subgroup generated by Zbase 
is the distinguished vertex group in the abelian decomposition associated with 

the top level of the completion, Comp(Res)(z, y, a)). We will call this subset of 

elements the basis of the completed resolution Comp(Res)(z, y, a). 
Following the construction of the strict Makanin-Razborov diagram ([Se2], 

1.10), we use the entire collection of specializations that factor through the 

quotient limit group QRlim(s, z, y, a) to construct the corresponding (canonical) 

strict graded Makanin-Razborov diagram of the limit group QRlim(s, z, y, a), 
viewed as a graded limit group with respect to the parameters Zbase. Let 

GResl (s, z, y, Zbase , a ) , . . . ,  GResham(s, z, y, Zbase , a )  
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be the strict graded Makanin-Razborov resolutions that appear in the 

strict graded Makanin Razborov diagram of the (graded) limit group 

QRlim(s, z, y, zb~se, a) with respect to the parameters Zbase, where each graded 

resolution is terminating in either a rigid or a solid graded limit group (with 

respect to the defining parameters Zbas~). Note that by definition, a homomor- 

phism factors through a graded resolution if it can be expressed as a composition 

of graded modular automorphisms of the different levels, the canonical epimor- 

phisms between consecutive levels of the graded resolution, and a rigid (strictly 

solid) homomorphism from the terminal rigid (solid) graded limit group of the 

resolution to the free group Fk. 

We will treat the graded resolutions GResi(s, z, y, Zbas~, a) in parallel, so for 

the continuation we will restrict ourselves to one of them which we denote 

GRes(s, z, y, Zba~e, a) for brevity. Let GRlim(s, z, y, Zbase, a) be the graded limit 

group corresponding to the graded resolution GRes(s, z, y, Zbas~, a). 

Let Glimj(s, z, y, z ~ ,  a) be a graded limit group that appears in the j-th 

level of the graded resolution GRes(s, z,y, zb~se, a). Naturally, there exists a 

canonical map Tj: Rlim(y, a) -+ Glimj(s, z, y, Zba~r a). Let Aj be the graded 

quadratic decomposition of Glimj (s, z, y, Zba~, a), i.e., the graded abelian de- 

composition of Glimj obtained from the graded JSJ decomposition of Glimj 

by collapsing all the edges connecting two non-QH subgroups. Let Q be a 

quadratically hanging subgroup in the JSJ decomposition of Rlim(y,a), and 

let S be the corresponding (punctured) surface. Since the boundary elements 

of Q are mapped by Tj to either the trivial element or elliptic elements in Aj 

(because they are in < Zbase,a >), the (possibly trivial) cyclic decomposition 

inherited by Tj (Q) from the cyclic decomposition Aj can be lifted to a (possibly 

trivial) maximal cyclic decomposition of the QH subgroup Q of Rlim(y, a), in 

which every cyclic edge group is mapped by vj to either the trivial element or 

to an elliptic element in A j, which corresponds to some decomposition of the 

(punctured) surface S along a (possibly trivial) maximal collection of disjoint 

non-homotopic s.c.c. Let Fj(Q) be the corresponding cyclic decomposition of 

the QH subgroup Q, and let Pj (S) be the associated maximal collection of non- 

homotopic disjoint essential s.c.c, on S, that are mapped by 7-3. either to the 

trivial element or into an edge group in Aj. 

LEMMA 1.3: 

(i) Every non-separating s.c.c, on the surface S is mapped to a non-trivial 
element by the homomorphism 7j. 

(ii) Let Q' be a quadraticM1y hanging subgroup in Aj, and let S' be the 
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corresponding (punctured) surface. If  rj maps non-triviMly a connected 

subsurface of S \ Fi (S) into Q', then genus(S') <_ genus(S) and [x(S')[ <_ 

Ix(S)[. Furthermore, in this case Tj maps the fundamental group of a 

subsurface of S into a finite index subgroup of Q'. 

Proof: If a non-separating s.c.c, on the surface S is mapped to the trivial 

element by rj, then the limit group Rlim(y,a)  admits an epimorphism onto 

the free group Fk * Z, where Z is the infinite cyclic group, a contradiction to 

Rlim(y, a) being of minimal rank, and we get part (i). 

Let $1 be the connected subsurface of S \ Fj (S) that is mapped non-trivially 

into Q' by the homomorphism rj. Let Q1 be the fundamental group of $1. By 

construction, the homomorphism wj maps the boundary components of S1 to 

either the trivial element or to non-trivial elliptic elements in Aj. By part (i) no 

s.c.c, on $1 which is a non-separating s.c.c, in S is mapped to the trivial element 

by the homomorphism Tj. Clearly, genus(S1) <_ genus(S) and Ix(S1)] _< Ix(S)[- 
If all the boundary components of the subsurface $1 are mapped to the triv- 

ial element by the homomorphism wj, and $1 itself is mapped non-trivially 

into Glima(s, z, y, zb~se, a), then Rlim(y, a) admits an epimorphism onto a free 

group Fk * F for some non-triviM free group F, a contradiction to Rlim(y, a) 

being of minimal rank. Hence, some of the boundary components of $1 are 

mapped by rj to non-trivial elliptic elements in the cyclic decomposition Aj 

of Glimj(s, z,y, zb~sr a). Let $2 be the punctured surface obtained from the 

punctured surface S~ by adjoining disks along each of the boundary components 

of S1 that is mapped to the trivial element by rj. Let Q2 be the fundamental 

group of $2. 
By the maximality of the collection Fj(S), no s.c.c, on the surface $2 is 

mapped to the trivial element in rj, and by the way the punctured surface $2 

was constructed, genus(S2) < genus(S1) <_ genus(S) and IX(S2)[ _< Ix(S1)[ _< 

Ix(S)l. 
To complete the proof of part (ii) of the lemma, we use the following basic 

fact which is used often in the next sections. 

LEMMA 1.4: Let M be either a punctured torus or a punctured surface with 

)~(M) <_ -2,  and let B be a f.g. subgroup of infinite index in 7r I(M). Then 

either: 

(i) B contains no conjugate of a boundary element in M; or 

(ii) B =< cl > * " - *  < ce > *Bq Each of the elements ci is conjugate to 

some boundary element in M, and every element b E B which is conjugate 

to a boundary element in rq (M), is conjugate to one of the elements cj. 
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Proof: By P. Scott [Sc] every subgroup of a hyperbolic surface group is almost 

geometric, i.e., there exists a finite cover f /  of the punctured surface M, for 

which B is a subgroup of the image of rrl (;))  in M, and the subgroup associated 

with B in rrl(~/) is the fundamental group of a punctured subsurface T in 2~/. 

Since B is of infinite index in ~rl (M), T is a proper subsurface of f / ,  i.e., it 

contains a boundary component that is not a boundary component of 53I. This 

structure of the subsurface T implies the conclusion of the lemma. | 

To complete the proof of Lemma 1.3, note that if Tj(7gl(~2) ) ~--- Tj((22 ) is of 

infinite index in the QH subgroup Q', then Lemma 1.4 implies that Rlim(y, a) 

admits an epimorphisln onto a free group Fk * F for some non-trivial free group 

F, a contradiction to Rlim(y, a) being of minimal rank. Hence, rj(O2) is of finite 

index in the QH subgroup O'. Hence, genus(S') <_ gemts(S2) <_ genus(S). 
Now, since vj (Q2) is a finite index subgroup of Q', the double of the punctured 

surface S.) along its boundary components is mapped non-trivially onto a finite 

cover of the double of the punctured surface S'. Hence I)~(S')[ < [~(S2)I _< 

IX(S)I, and we get part (ii) of the lemma. | 

Part (ii) of Lemma 1.3 bounds the topological complexity of those QH sub- 

groups Q' that appear in the graded abelian JSJ decompositions associated 

with the various levels of the graded resolution GRes(s, z, y, Zbas~, a) into which 

a QH subgroup Q that appears in the cyclic JSJ decomposition of Rlim(y, a) 

is mapped non-trivially. To show that Lemma 1.3 can be applied to bound the 

topological complexity of all the QH subgroups Q' that appear in the graded 

abelian decompositions associated with the various levels of GRes(s,z,y,zb~s~,a), 
we need the following proposition. 

PROPOSITION 1.5: Let Glimj(s ,z ,y ,  Zbase,a) be the graded limit group that 
appears in the j-th leveI of the graded resolution GRes(s, z, y, zb~r a), and let 

Q' be a QH subgroup that appears in the graded JSJ decomposition associated 
with Glimj(s, z, y, Zba~e, a), and S' be its corresponding punctured surface. Let 
rj be the natural map zj: Rlim(y, a) --+ Glimj(s, z, y, zba~r a). 

Then there exists a QH subgroup Q in the JSJ decomposition of Rlirn(y, a) 

with corresponding punctured surface S, so that a subsurface St of the punc- 

tured surface S is mapped by rj into a finite index subgroup of a conjugate of 
Q'. In particular, genus(S') <_ genus(S) and [x(S')I < ]x(S)I. 

Proof." Let AQ, be the decomposition obtained from the graded JSJ decomposi- 

tion of Glirny(s, z, y, zb~s,, a) by collapsing all the edges that are not connected 
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to the QH subgroup Q'. The cyclic decomposition AQ, contains a (distin- 

guished) vertex connected to Q' and stabilized by a vertex group containing 

the subgroup < Zbase, a >, and perhaps few other vertices connected to disjoint 

boundary components of the QH subgroup Q'. 

For each QH subgroup Q in the JSJ decomposition of Rlim(y,a), let GQ 

be the subgroup of Comp(Rlim) (z, y, a), which is the fundamental group of the 

subgraph of groups containing two vertices, the vertex stabilized by the subgroup 

< Zbase, a > and the vertex stabilized by the subgroup Q. There is a natural 

map ~: Comp(Rlirn)(z, y, a) -+ Glimj(s, z, y, Zbase, a). For each QH subgroup 

Q in the JSJ decomposition of Rlirn(y, a), the image group ~(GQ) inherits a 

decomposition AQ from the cyclic decomposition AQ, of Glimj(s, z, y, Zba~r a). 

Let S be the punctured surface corresponding to Q, and suppose that no sub- 

surface of S is mapped non-trivially into a conjugate of Q/. Since the subgroup 

~(< Zba~, a >) is contained in a vertex group in AQ, and the fundamental group 

of any subsurface of S is not mapped non-trivially into Q, AQ is either a trivial 

graph of groups, or it gives rise to a free decomposition of GQ in which the 

subgroup ((< Zbas~, a >) is contained in one of the factors. 

If the decomposition AQ gives rise to a free decomposition of the group GQ in 

which the subgroup ~(< Zbas~, a >) is contained in one of the factors, then the 

restricted limit group Rlim(y, a) can be mapped onto a limit group HQ which 

obtains a free decomposition in which the subgroup Fk < HQ is contained 

in one of the factors. Hence, in case AQ gives rise to a free product of GQ, 
the restricted limit group Rlirn(y, a) admits an epimorphism onto a free group 

Fk * F for some non-trivial free group F, a contradiction to Rlim(y, a) being of 

minimal rank. 

Therefore, for every QH subgroup Q in the JSJ decomposition of Rlim(y, a), 
the decomposition AQ is the trivial decomposition of GO,, so the homomor- 

phism Tj: Rlim(y, a) ~ Glimj(s, z, y, zb~e, a) maps the restricted limit group 

Rlim(y,a) into the vertex group stabilized by the subgroup < Zb~,a  > in 

the cyclic decomposition AQ,. Since the quotient limit group QRlim(s, z, y, a) 
was obtained as the limit of a sequence of specializations {(Sn,Zn,yn,a)}, if 

Rlirn(y, a) is mapped to the vertex stabilized by < Zbas~, a > in AO,,, the com- 

pleted limit group Cornp(Rlim)(z, y, a) is mapped to the vertex group stabilized 

by < Zb~sr a >, so the entire graded limit group Glimj (s, z, y, Zb~sr a) stabilizes 

that vertex, and the decomposition AO,, is trivial, which contradicts the way it 

was constructed. Therefore, there exists some QH subgroup Q in the cyclic JSJ 

decomposition of Rlim(y, a) with corresponding punctured surface S, so that a 
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subsurface $1 of the punctured surface S is mapped non-trivially by ~-j into some 

conjugate of Q~. By Lemma 1.3, the fundamental group of S1 is mapped into a 

finite index subgroup of a conjugate of Q~. In particular, 9enus(S') < genus(S) 

and Ix(S')l _< Ix(S)l. ' 

Definition 1.6: Let Q be a quadratically hanging subgroup in the JSJ decom- 

position of Rlim(y,  a) and let S be its corresponding (punctured) surface. The 

QH subgroup Q (and the corresponding surface S) is called surviving if for 

some level j ,  there exists some quadratically hanging subgroup Q' in Aj, the 

JSJ decomposition of Glimj (s, z, y, Zbas~, a), with corresponding surface S', so 

that Tj maps Q non-trivially into Q', genus(S') = genus(S) and x(S ' )  = x(S) .  

By definition, if Q is a non-surviving QH subgroup in the JSJ decomposition 

of Rlim(y,  a), then every QH subgroup Q' in any level of the graded resolution 

GRes(s,  z, y, Zbase, a) into which a subsurface of Q is mapped non-trivially, has 

either a strictly lower genus or a strictly smaller absolute value of Euler char- 

acteristic than that of the QH subgroup Q. This would eventually "force" the 

complexity of the graded resolution GRes(s,  z, y, zb~se, a) to be smaller than that 

of the resolution Res(y, a) once one is able to "isolate" the surviving surfaces. 

This is the purpose of the following theorem. 

WHEOREM 1.7: The graded resolution GRes(s,  z, y, Zbase, a) can be replaced by 

finitely many graded resolutions that we denote G Res( u, s, z, y, Zbas~, a ), each 

composed from two consecutive parts. 

In the first part all the surviving" surfaces are mapped into the distinguished 

vertex, i.e., the vertex stabilized by the subgroup < Zbase,a >. The second 

part is a one-step resolution in which all the images of the surviving surfaces 

appear as QH vertex groups, i.e., ff  Q2 . . . .  , O,r are the surviving surfaces in 

the abelian decomposition of Rl im(y,  a) with respect to the graded resolution 

GRes, then the graded decomposition corresponding to the second part of the 

resolution GRes contains a vertex stabilized by the terminal rigid (solid) graded 

limit group of the resolution GRes(u, s, z, y, Zb~s~, a) connected to r t surviving 

QH subgroups Q~, , . . . , Q~ .... for some r' <_ r, and 1 <_ il < i2 < . . .  < it, <_ 7". 

Proof." We replace the graded resolution GRes(s , z , y ,  z b ~ , a )  with finitely 

many graded resolutions, so that every homomorphism that factors through the 

original graded resolution GRes factors through at least one of the new ones. 

Let Q1, . . . ,  Qt be the surviving surfaces in the graded JSJ decomposition of 

Rlim(y,  a) with respect to the given graded resolution GRes(s, z, y, Zo~se, a). By 
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definition, for each surviving surface Qi there exists a QH subgroup Q~ that 

appears in one of the graded JSJ decompositions associated with the various 

levels of the graded resolution GRes(s, z, y, Zbase, a), so that Qi is mapped iso- 

morphically onto Q~. For each Qi we pick Q~ to be the QH subgroup that 

appears in the highest possible level graded abelian decomposition so that Q~ is 

mapped isomorphically onto Q~. Up to a change of order, we may assume that 

the QH subgroups Q~, . . . ,  Q~ are ordered according to the level of their appear- 

ance in the graded resolution GRes(s, z, y, Zbase, a), fl'om top to bottom. Note 

that it may be that some of the QH subgroups Q~, . . . ,  Q~ are conjugate in the 

corresponding graded limit groups. Also, note that if the fundamental group of 

a subsurface of Qi is mapped non-trivially into a QH vertex group Q that lies 

above the QH vertex group Q~ in the graded resolution GRes, then the funda- 

mental group of the corresponding subsurface of Qi is mapped isomorphically 

onto Q. 

To replace the graded resolution GRes(s,z,y, zba~e,a) with finitely many 
graded resolutions that have all their surviving surfaces in the bottom level, we 

do the following. Let Q~, . . . ,  Q~, be the subgroups that appear in the highest 

level among the entire collection Q~,.. . ,Q~. Let Q~I,'",Q~,,, be the repre- 

sentatives of the eonjugacy classes of the QH subgroups Q~,...,Q~,, and let 

Qil,..., Qi,,, be the corresponding QH vertex groups in the abelian JSJ decom- 

position of Rlim(y, a) that are mapped onto Q~I,. . . ,  Q~.,. 

For every QH subgroup Qi~ from the collection of the QH subgroups 

Qil,..., Qi ..... for which no QH subgroup from the collection Q1,..., Qt other 

than Qij is mapped non-trivially into a conjugate of Q~j we do the following. 

The QH subgroup Qij is naturally mapped into each of the limit groups 

associated with the various levels of the graded resolution GRes(s, z, y, zbase, a). 
If for some level of the graded resolution GRes(s, z, y, Zb~se, a) that lies above 

the level in which the QH vertex group Q~j appears, the QH subgroup Q~j is 

mapped onto a subgroup that is not contained in the distinguished vertex group 

in the graded abelian decomposition associated with that level, then there exists 

a minimal subgraph A of that graded abelian decomposition that contains its 

distinguished vertex group and the image of the subgroup Qij. Furthermore, 

for every QH vertex group Q' in A there exists a subsurface in Qij, so that the 

fundamental group of that subsurface of Qiy is mapped isomorphically onto Q'. 

For every edge group in A there exists a boundary component or a non-boundary 

parallel s.c.c, in Q~j that is mapped onto it. 

We change the graded decomposition in such a level (that lies above the level 
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in which the subgroup Q/ij appears) by collapsing the subgraph of groups A into 

the (distinguished) vertex stabilized by < Zbase, a >. Other than that, we leave 

the levels that lie above the one that contains the QH subgroup Q~j unchanged. 

We continue the modified graded resolution by mapping each of the QH 

subgroups Q~j from the set Q~I, '",QI: ..... to the image of the corresponding 

surviving surface Qij in the subgroup < Zbase , a > under the quotient map of 

the completed resolution C omp( Res ) ( z, y, a ). 

So far we have modified the levels of the resolution GRes we have started with, 

from the top level until the level that contains the QH vertex group Q~. By 

construction, all the specializations that factor through the original resolution 

GRes factor through the (graded) resolution consists of the modified abelian 

decompositions associated with the levels of GRes from the one containing Q~ 

and above. 

Starting with the entire collection of specializations that factor through the 
original resolution GRes, and applying the modular groups associated with the 

resolution obtained from the modified top levels, we get a set of specializations, 

with which we associate a (canonical) finite collection of (graded) limit groups 
that are all proper quotients of the original limit group QRlim. We continue the 

construction of the modified graded resolutions, by starting with each of these 

limit groups (in parallel), constructing the strict graded Makanin Razborov 

diagrams associated with them, and modify each of the graded resolutions that 

appear in these diagrams in exactly the same way we have modified the original 

resolution. 

The modification described above gives rise to finitely many 

modified resolutions. Every specialization (s0, z0,Y0,a) with respect 
to the closure Cl(Res)(s,z,y,a) that factors through the graded resolution 

GRes(s, z, y, zb~se, a) factors through at least one of the modified resolutions 

constructed by the above procedure. 

Let Q~,...,Q'r, be representatives for the conjugacy classes of the (images 

of the) surviving QH subgroups Q~, . . . ,  Q" that appear in the various level 

of one of the obtained resolutions. Note that each of the surviving subgroups 

01 , - . . ,  @ is mapped to a conjugate of one of the subgroups Q~, . . . ,  Q'r,. There- 

fore, in each of the modified graded resolutions obtained by the above proce- 

dure, we can push all the QH subgroups Q~, . . . ,  Q'r, to the bottom level, and 

the obtained (finitely many) graded resolutions satisfy the properties listed in 

the statement of the theorem. | 

We continue the analysis of the limit group QRlim(s, z,y,a) by reducing 
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the set of defining parameters sequentially. Recall that in order to obtain the 

graded resolution GRes(s, z, y, Zba~e, a), we used the variables Zbase as parame- 

ters, where Zb~e were the subset of the variables z that appear in all the levels of 

the completed resolution, Cornp(Res)(z, y, a), except those defining the highest 

level. For the next step of the analysis we take 2 Zbase a s  the defining parameters, 

where Zbase2 generate the subgroup associated with all the levels of the completed 

resolution Comp(Res)(z, y, a) except for the two highest levels. 

Let Tl(s , z ,y ,a)  be the terminal rigid or solid graded limit group in the 

graded resolution GRes(s, z,y,  Zbas~, a) with respect to the parameters Zba~. 
From the collection of rigid (solid) specializations of Tl(s, z, y, z b ~ ,  a), that 

are obtained (using our shortening procedure) from specializations that factor 

through the graded resolution GRes(s, z, y, Zbase, a), we construct the graded 

strict Makanin-Razborov diagram of Tl(S, z, y, a), viewed as a graded limit 

group with respect to the parameters Zbase.2 Let 

be the strict graded Makanin-Razborov resolutions that appear in the 

strict graded Makanin Razborov diagram of the (graded) limit group 

Tl(s,z,y,z~as~,a) with respect to the parameters Zbas~2, where each graded 

resolution is terminating in either a rigid or a solid graded limit group (with 

respect to the defining parameters Z~as~ ). 
2 a) in parallel, so for We will treat the graded resolutions GResi(s, z, y, zba~, 

the continuation we will restrict ourselves to one of them which we denote 
2 a) be the graded limit G Res( s, z, y, z ~ ,  a) for brevity. Let Glirn( s, z, y, z b ~ ,  

group corresponding to the graded resolution GRes(s, z, y, z ~ ,  a). If the sub- 

group Glim(s, z, y, Z~ase, a) is a proper quotient of the subgroup T1 (s, z, y, a), 

we need to modify the graded resolution GRes(s, z, y, zb~,  a) so that it be- 

comes a strict graded Makanin-Razborov resolution terminating with the limit 

2 a) (see proposition 1.10 in [Se2] for the procedure that group Glim( s, z, y, Zbase , 
replaces a given resolution with finitely many strict ones). Note that by mod- 

ifying the graded resolution GRes(s, z, y, Zbas~, a), we may need to replace the 

quotient limit group Q Rlim( s, z, y, a) or one of the groups Glimj (s, z, y, Zbase, a) 
that appear in the graded resolution GRes(s, z, y, z b ~ ,  a) by a proper quotient 

of itself. 

2 a) be a graded limit group that appears in the Let Glimj(s, z, y, Zb~,  
2 a). Let Zlirn(zb~se,a) j-th level of the graded resolution GRes(s ,z ,y ,  Zba~e, 

be the limit group generated by < Zbase, a > in the completed limit group 
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Comp(Rlim)(z,  y, a). Naturally, there exists a canonical map 

2 a).  U: Zlim(zbase, a) --+ Glimj(s,  z, y, Zbase , 

Let Aj be the graded quadratic decomposition of Glimj(s, z, y, z~se, a), i.e., the 

2 a) obtained from the graded graded cyclic decomposition of Glimj ( s, z, y, Zb~,~, 

JSJ decomposition of Glimj(s, z, y, z~s~, a) by collapsing all the edges connect- 

ing two non-QH subgroups. Let Q be a quadratically hanging subgroup in 

the graded JSJ decomposition of Zlim(zbas~,a) and let S be the correspond- 

ing (punctured) surface. Since the boundary elements of Q are mapped by rj 

to either the trivial element or to elliptic elements in A j, the (possibly trivial) 

cyclic decomposition inherited by Tj(Q) from the cyclic decomposition Aj can 

be lifted to a (possibly trivial) cyclic decomposition of the QH subgroup Q of 

2 a), which corresponds to some decomposition of the (punc- Glimj(s, z, y, Zbase , 
tured) surface S along a (possibly trivial) collection of disjoint non-homotopic 

s.c.c. Let Fj (Q) be the corresponding cyclic decomposition of the QH subgroup 

Q, and let Fj (S) be a maximal associated collection of non-homotopic disjoint 

essential s.c.c, on S. Note that by construction every s.c.c, from the defining 

collection of I~j(S) is mapped by rj to either a trivial element or to an elliptic 
element in Aj. 

LEMMA 1.8: 

(i) Every non-separating s.c.c, on the surface S is mapped to a non-trivial 

element by the homomorphism rj. 

(ii) Let Q' be a quadratically hanging subgroup in Aj, and let S ~ be the 

corresponding (punctured) surface. If  rj maps non-trivially a connected 

subsurface o r s  \ Fj(S) into Q', then genus(S') <_ genus(S) and [X(S')I _< 

I (s)l. Nzrthermore, in this case rj maps the fundamental group of a 

subsurface of S into a finite index subgroup of Qt. 

Proof: Identical to the proof of Lemma 1.3. | 

The precise statement of Proposition 1.5 is not valid for the graded res- 

olution GRes(s,z,y,Z'~ase,a ). If Q~ is a QH subgroup that appears in an 

abelian decomposition associated with one of the levels of the graded resolution 

2 a), then it is not true that there exists some QH subgroup G Res( s, z, y, zba~e , 

Q in the graded JSJ decomposition of Zlim(zbase,a), so that the fimdamental 

group of a subsurface of the punctured surface corresponding to Q is mapped 

non-trivially into Q'. However, we can still define surviving surfaces. 
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Definition 1.9: Let Q be a quadratically hanging subgroup in the JSJ decom- 

position of Zlim(zbase,a) and let S be its corresponding (punctured) surface. 

The QH subgroup Q (and the corresponding surface S) is called surviving if 

for some level j ,  there exists some quadratically hanging subgroup Q' in Aj, the 

JSJ decomposition of Glimj(s, z, y, Z~se, a), with corresponding surface S', so 

that rj maps Q non-trivially into O', genus(S') = genus(S) and X(S') = X(S). 

To control the "complexity" of the graded resolution GRes(s, z, y, zb~s ~ 2  , a) we 

need to "isolate" the surviving OH subgroups. This can be done in a similar 

way to Theorem 1.7. 

a) can be replaced THEOREM 1.10: The graded resolution GRes(s, z, y, z b ~ ,  

by finitely many graded resolutions, each composed from two consecutive parts. 

The second part is a one-step resolution in which all the images of the surviv- 

ing surfaces appear, i.e., if QI,..., Qr are the surviving surfaces in the abelian 

decomposition of Zlim(zb~e, a) with respect to the graded resolution GRes, 

then the graded decomposition corresponding to the second part of the res- 

olution GRes contains a vertex stabilized by the terminal rigid (solid) graded 

limit group of the resolution G Res (s, z, y, z ~ ,  a) connected to r ~ surviving Q H 

subgroups Q~I, '" ,Q~ ..... for some r' ~_ r, and 1 (_ il < is < ""  < i< ~_ r. 

Proof.' Identical to the proof of Theorem 1.7. | 

Given Lemma 1.8 and Theorem 1.10, to complete the analysis of the struc- 

ture of the graded resolution GRes(s, z, y, Z~ase, a) we still need an appropriate 

analogue of Proposition 1.5, i.e., we need to associate with every QH subgroup 

that appears in one of the graded 3SJ decompositions of the different levels 

of the graded resolution GRes(s, z, y, z~ase, a), a QH subgroup of either the 

graded JSJ decomposition of Zlim(zba~, a) or a QH subgroup that appears in 

the graded JSJ decomposition of the terminal subgroup T1 (s, z, y, Zbase, a) of 

the graded resolution GRes(s, z, y, Zbas~, a) in case Tl(S, z, y, Zbase, a) is solid. 

2 a) into two cases depending We divide the final analysis of GRes(s, z, y, zbase, 

on T1 (s, z, y, a) being rigid or solid. 

PROPOSITION 1.11: Suppose that the terminal subgroup Tl (s, z, y, Zbase, a) of 

the graded resolution GRes(s, z, y, Zbase, a) is rigid. Let Q~ be a QH subgroup 

that appears in the j- th level graded JSJ decomposition of the graded resolution 

a), and let S' be its corresponding surface. Then: G Res( s, z, y, Zbase, 
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(i) 

(ii) 
(iii) 

There exists a QH subgroup Q in the JSJ decomposition of Zlim(zbas~, a), 

with an associated surface S, so that the map 

2 a) Tj : Zlim(Zbase, a) --+ Glimj(u, s, z, y, Zbase , 

maps the fundamental group of a subsurface of S onto a subgroup of finite 

index of Q~. 

genus(S') < g~n~s(S) and I~(S')I _< Ix(S)I. 
genus(S') = genus(S) and IX(S')I = Ix(s)l if and only if O is a surviving 

QH subgroup. In this last case, j is the bottom level of the graded reso- 

lution G Res(u, s, z, y, Z~ase , a), and Q is mapped to the vertex stabilized 

by < Z~as~,a > by the maps Tj: Zlim(zba~,a) --+ Glimj(u,s,z,y,Z~ase,a ) 

in all the levels above the bottom one. 

Proof'. If, under the map Tj: Zlirn(zbase, a) -+ Glimj(u, s, z, y, z~a,~, a), none 
of the QH subgroups Q in the JSJ decomposition of Zlim(zba~, a) is mapped 
non-trivially into (a conjugate of) Q', then the entire image of Zlirn(zbase,a), 

Tj(Zlim(Zba~,a)), is contained in a proper subgraph of groups of the graded 
JSJ decomposition of Glimj(u, s, z, y, z ~ e ,  a), a subgraph that does not con- 
tain the vertex stabilized by the QH subgroup Qr. Hence, if no QH subgroup 

Q is mapped non-trivially by fj into the QH subgroup Q~, the graded limit 

groups that appear along the graded resolution GRes(u, s, z,y,  z~ase,a) from 
Glimj (u, s, z, y, Z~a,~, a) and above, 

Gl/,~j (u, s, ~, y, zi~e, a), Gl imj_l  (u, s, z, y, z i ~ ,  ~),. �9 �9 
2 a) Gliml (u, s, z, y, Zbass , 

are all flexible quotients of the rigid limit group Tl(s, z,y,  zb~s~,a). But the 
~2 a graded resolution GRes(u, s, z,y,  %a~, ) was constructed from a collection of 

rigid specializations of T1 (s, z, y, z~as~, a), a contradiction. 
Therefore, there exists some QH subgroup Q in the JSJ decomposition of 

Zlim(zb~e, a) that is mapped non-trivially into Q' and we get part (i). Parts (ii) 
and (iii) follow from (i) by applying Lemma 1.8 and Theorem 1.10, respectively. 
| 

PROPOSITION 1.12: With the notation of Proposition 1.11, suppose 

that the terminal subgroup Tl (s , z ,y ,  zbase,a) of the graded resolution 

GRes(s, z, y, Zbase , a) is solid. Let Q' be a QH subgroup that appears in the j- th 
2 a).  level graded JSJ decomposition of the graded resolution GRes(s, z, y, Zbase, 

Then: 
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(i) There exists a QH subgroup Q with an associated surface S, which is 
either: 

(1) a QH subgroup in the (graded) JSJ decomposition of Zlim(zbase, a), 

so that the map Tj: Zlim(zbas~, a) ~ Glimj (u, s, z, y, Z~ase, a) maps 
the fundamental group of a subsurface ors  onto a subgroup of finite 

index of Q~ ; or 
(2) a QH subgroup in the (graded) JSJ decomposition of (the solid 

graded limit group) TI (s, z, y, Zba~, a), SO that the map 

~j: T1 (s, z, y, Zba~e, a) --+ Glimj (u, s, z, y, z ~ ,  a) 

maps the fundamental group of a subsurface of S onto a subgroup 

of finite index of Q'. 
(ii) genus(S') <_ genus(S) and [x(S')[ < [)C(S)[. 

(iii) If  Q is a QH subgroup in the JSJ  decomposition of Zlim(zbas~, a) and 
genus(S') = genus(S) and IX(S')I = IX(S)I, then Q is a surviving QH 
subgroup. In this last case, j is the bottom level of the graded resolu- 

2 a) and Q is mapped to the vertex stabilized by tion GRes(u, s, z, y, Zb~se , , 
2 < Zbase, a > by the maps rj: Rlim(Zbase, a) --+ Glimj(u, s, z, y, Z~ase, a) in 

all the levels above the bottom one. 

Proof: The proof is essentially similar to the proof of Proposition 1.11. If, under 

the map wj: Zlim(zb~se, a) --+ Glimj (s, z, y, z~ase, a), none of the QH subgroups 
Q in the JSJ decomposition of Zlim(zbase,a) is mapped non-trivially into (a 

conjugate of) Q', then the entire image of Zlim(zb~e, a), Tj(Zl im(zb~,  a)), is 
contained in a proper connected subgraph of groups of the graded JSJ decom- 
position of Glimj(s, z, y, Z~a~, a), a subgraph that does not contain the vertex 

stabilized by the QH subgroup Qr. Let Oj be the graph of groups obtained 
2 a) by collapsing the from the graded JSJ decomposition of Glimj(s, z, y, Zb~e, 

maximal connected subgraph of groups of the graded JSJ decomposition that 

does not contain the QH vertex group Q', and for which U maps Zlim(zbase, a), 

into a point stabilizer. 

If the map: r/j: Tl(S,z,y,  Zbase,a) -+ Glimj(u, s, z, y, Zbase,a) maps a non- 
QH vertex group in the graded JSJ decomposition of T1 (s, z, y, Zbas~, a) into a 

non-elliptic or a QH subgroup in the graph of groups O j, then the graded limit 
2 a) from groups that appear along the graded resolution GRes(u, s, z, y, zb~e, 

2 a) and above, Glimj( s, z, y, Zb~r 
2 a )  . . .  Glimj (u, s, z, y, Z~ase , a), Glimj 1 (u, s, z, y, Zbase , , , 

Gliml (u, s, z, y, Z~as~, a), 
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are all flexible quotients of the solid limit group Tl(S,z,y,  Zbas~,a). But the 

graded resolution GRes(u, s, z, y, z ' ~ ,  a) was constructed from a collection of 

solid specializations of T1 (s, z, y, z'~sr , a), a contradiction. 

Hence, every non-QH vertex group in the graded JSJ decomposition of 

2 a) is mapped by the quotient map r 5 into a non-QH vertex I"1 ( s, z, y, Zbas~ , 
group in Oj. Since the restricted limit group we have started with, Rlim(y, a), 
is assumed to be of minimal rank, if, in addition, no QH vertex group in 

the graded JSJ decomposition of Tl(s, z,y, Zba~,a) is mapped non-trivially 
.2 into the QH subgroup Q' of Gl i rn j (u , s , z , y , , b~ ,a  ), then the entire group 

2 a) is mapped into the vertex group that  contains the subgroup rl ( s, z, y, Zbase , 
~j(Zlim(zb~e,a)) in the graph of groups Oj, a contradiction to ~j being a 

quotient map. 

Therefore, there exists some QH subgroup Q either in the JSJ decomposition 

2 a) that  of Zl im(zb~ ,  a) or in the graded JSJ decomposition of T1 (s, z, y, z b ~ ,  

is mapped non-trivially into Q / a n d  we get part  (i). Parts (ii) and (iii) follow 

fl'om (i) by applying (the proof of) Lemma 1.8 and Theorem 1.10, respectively. 
| 

We continue the analysis of the limit group QRlim(s, z, y, a) by further re- 

ducing the set of defining parameters sequentially. Recall that  in order to 

obtain the graded resolution GRes(s, z, y, z~a~, a) we first used the variables 

Zbas~ as parameters, where Zbas~ were the subset of the variables z that  gen- 

erate the subgroups that  appear in all the levels of the completed resolution 

Comp(Res)(z,y,a) except the one associated with the highest level, and 

then used the variables .2 generate *ba~ as defining parameters, where 2 Zbase 
the subgroups that appear in all the levels of the completed resolution 

Comp(Res)(z, y, a) except the ones associated with the two highest levels. To 

continue the analysis of the limit group QRlirn(s, z, y, a), we set the variables 

zeas~ to be the subset of the variables z that  generate the subgroups that  ap- 

pear in all levels of the completed resolution Comp(Res)(z,y, a) except those 

associated with the f highest levels. 

Let Tz(s, z, y, a) be the terminal rigid or solid graded limit group in the graded 

2 We con- 2 a) with respect to the parameters Zbas~. resolution GRes(s, z, y, Zb~, 
tinue the graded resolution GRes(s, z, y, Z~ase, a) by viewing T.2(s, z, y, a) as a 

graded limit group with respect to the defining parameters Zba~3, the obtained 

terminal rigid or solid graded limit group as a graded limit group with respect to 

the defining parameters Zba~e4 and so on, until we exclude all the z variables that  

appear in the different levels of the completed resolution Comp(Res)(z,y,a). 
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Clearly, Lemma 1.8 and Theorem 1.10 remain valid for all the steps of the 

procedure as well as (appropriate versions of) Propositions 1.2 and 1.12. Note 

that  the final resolution we obtain is an ungraded resolution of the limit group 

QRlim(s, z, y, a), or of some quotient of it. Also, note that  the described pro- 

cedure produces (canonically) finitely many such (ungraded) resolutions of the 

limit group QRlim(s, z, y, a). We will denote an (ungraded) resolution obtained 

by our procedure QRes(s, z, y, a). 

PROPOSITION 1.13: The resolution QRes(s, z, y, a) is a well-structured resolu- 

tion. 

Proof: Since the restricted limit group is assumed to be of minimal rank, 

so is the quotient limit group QRlim(s, z, y, a). By the definition of a well- 

structured resolution ([Se2], 1.11), if the quotient limit group QRlim(s, z,y, a) 
is of minimal rank then any strict resolution of it is a well-structured resolution. 

By construction, a quotient resolution QRes(s, z, y, a) is a strict resolution of 

QRlim(s, z, y, a) or of a quotient of it, hence QRes(s, z, y, a) is a well-structured 

resolution. | 

At this point we are finally ready to define the complexity of a resolution 

in the minimal rank case, and to show that  the complexity of a resolution 

QRes(s, z, y, a) obtained by the above procedure, Cmplx(QRes(s, z, y, a)), is 

strictly smaller than the complexity of the original resolution Cmplx (Res (y, a)). 

This sequential reduction in complexity in each of the next steps of the iterative 

procedure will finally lead to its termination. 

Definition 1.14: Let Rlim(t,a) be a limit group of minimal rank and let 

Res(t, a) be a well-structured resolution of Rlim(t, a). Let Q 1 , . . . ,  Q,~ be the 

QH subgroups that  appear in the resolution Res(t,a) and let S1,.. . ,Sm be 

the corresponding punctured surfaces. To each punctured surface Sj we asso- 

ciate an ordered couple (genus (Sj), IX (Sj)I) (for a closed non-orientable surface 

S, we set genus(S) to be its first betti  mlmber, bl(S)). We will assmne that  

the QH subgroups Q 1 , . . . ,  @n are ordered according to the lexicographically 

(decreasing) order of the ordered couples associated with their corresponding 

surfaces. 

Let A1 , . . . ,  A~ be the (pegged) abelian groups that  appear as vertex groups 

in the completed resolution Comp(Res)(u, t, a). Let eAj < Aj be the subgroup 

generated by the edge groups connected to the vertex stabilized by the abelian 

group Aj in Comp(Res)(u,t,a). We set the abelian rank of the resolution 
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Res(t, a), denoted Abrk(Res(t, a)), to be 

Abrk(Res(t, a)) = S(rk(Aj) - rk(eAj)). 

We set the complexity of the resolution Res(t, a), denoted Cmplx(Res(t, a)), to 

be 

Cmplx(Res(t, a)) 

= ((genus(S1), Ix(S1)I) . . . .  , (genus(Sm), ]x(S,~)I), Abrk(Res(t, a))). 

On the set of resolutions of minimal rank limit groups we can define a lin- 

ear order. Let Rlirn(tl,a) and Rlim(t2,a) be two minimal rank limit groups 

with well-structured resolutions Res(tl,a), Res(t2,a) in correspondence. We 

say that  Cmplx(Res(tl, a)) = Cmplx(Res(t2, a)) if the tuples defining the two 

complexities are identical. We say that  Cmplx(Res(tl, a)) < Cmplx(Res(t2, a)) 
if: 

(1) The tuple ((genus(S~), [x(S1)[) , . . . ,  (genus( S~, ), [x(S~, [)) is smaller in 

the lexicographical order than the tuple 

(2) If the above tuples are equal then Abrk(Res(tl, a)) < Abrk(Res(t2, a)). 

In order to ensure the termination of the iterative procedure we need the 

complexities of the resolutions obtained in its different steps to decrease. Indeed, 

the complexity of a (well-structured) resolution QRes(s, z, y, a), obtained after 

the first step of our procedure, is strictly smaller than the complexity of the 

resolution Res(y, a) we started with. 

THEOREM 1.15: The complexity of the resolution QRes(s, z, y, a) is strictly 
smaller than the complexity of the resolution Res(y, a), i.e., 

Cmplx(QRes(s, z, y, a)) < Cmplx(Res(y, a)). 

Proof: Let Q / b e  a QH subgroup that appears in a graded abelian decomposi- 

tion associated with one of the levels of the quotient resolution QRes(s, z, y, a), 

and let S / be its associated punctured surface. By Propositions 1.5, 1.11 and 

1.12 there exists some QH subgroup Q with associated punctured surface S that  

appears in a cyclic JSJ decomposition associated with one of the levels of the 

original resolution Res(y, a), so that  the fundamental group of a subsurface of 

S is mapped into a finite index subgroup of S ~ and, in particular, genus(S') <_ 
g e n ' ~ ( s )  and Ix(S')l < I-<(S)l. Furthernlore, if genus(S') = genus(S) and 
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Ix(S')I = Ix(S)I then Q is by definition a surviving surface, so by Theorems 1.7 

and 1.10 the QH subgroup Q is mapped isomorphically onto Q'. 

In this case of a surviving surface, either Q is mapped into the (distinguished) 

vertex group containing Fk in all levels above the one in which Qt appears, and 

in all the levels below the one containing Q', Q is identified with its image 

in the completed resolution Comp(Res)(z,y,a), or there is another QH sub- 

group O that appears along the original resolution Res(y, a) and is mapped 

non-trivially into a conjugate of Qt. In the second possibility, the topological 

complexity of the surface S, associated with the QH subgroup (~, is strictly big- 

ger than the topological complexity of all the QH vertex groups in the resolution 

QRes(s, z, y, a) into which Q is mapped, except perhaps Qt itself. 

Hence, to any surviving QH subgroup Q with associated punctured surface S, 
there corresponds a unique QH subgroup Qt in the resolution QRes(s, z, y, a) 
with associated punctured surface S ~, so that S is homeomorphic to S t. If 

Q' is a QH subgroup in the quotient resolution QRes(s,z,y,a) with an as- 
sociated punctured surface S t, and no surviving surface Q is mapped isomor- 

phically onto a conjugate of Q', then for any QH subgroup Q with an asso- 

ciated surface S in Res(y, a), for which the fundamental group of some sub- 

surface of S is mapped into a finite index subgroup of a conjugate of Qr, 

genus(S') <_ genus(S), I~(S')l _< I~(S)l, and either genus(S t) < genus(S) 
or I~(S')l < I~(S)l. Therefore, if Q1,. . .  ,Q,~ are the QH subgroups that ap- 
pear in the original resolution Res(y,a) and S t , . . . ,Sm are their associated 

punctured surfaces, and Q'I,..., Q~m, are the QH subgroups that appear in the 
quotient resolution QRes(s, z, y, a) and S[, . . . ,  S~,, are their associated punc- 

tured surfaces, then the tuple ((genus(S1), I~(S1)I),..., (genus(Sm), I~(Sml)) is 
less than or equal to, in the lexicographical order, the tuple 

Ix(Si)l), . . . ,  (genus(S',), Ix(Ss,, I)), 

and the two tuples are equal if and only if all the QH subgroups Q1, . . . ,  Qm 

are surviving QH subgroups. 

Since the quotient limit group QRlim(s, z, y, a) is a proper quotient of the 

closure Cl(Res)(s,z,y,a), if all the QH subgroups Q1,. . .  ,Qm are surviving, 

then necessarily Abrk(QRes(s, z, y, a)) < Abrk(Res(y, a)), and we finally get 

Cmplx(QRes(s, z, y, a)) < Cmplx(Res(y, a)). | 

Having constructed the (finitely many) well-structured resolutions 

QRes(s, z, y, a) and their corresponding limit groups QRlim(s, z, y, a), to prove 

the validity of our given sentence we only need to prove its validity on the set 
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of specializations of the variables y for which there exist specializations for the 

variables s and z so that  the specialization (s, z, y, a) factors through one of the 

resolutions QRes(s ,  z, y, a). 

The final part  of the first step of the procedure for the validation of a sentence 

(in the minimal rank case) is the construction of formal solutions defined over 

a covering closure of the resolution QRes(s ,  z, y, a) in a similar way to the ones 

described in Proposit ion 1.2. 

PROPOSITION 1.16: Let QRes(s,  z, y, a) be one of the (well-structured) resolu- 

tions constructed in the first step of our iterative procedure for validation of a 

sentence, and let QRl im(s ,  z, y, a) be its corresponding" limit group. For brevity, 

we will denote the resolution by ORes(t ,  y, a) and the corresponding limit group 

by Q Rl im(  t, y, a). There exists a covering closure 

Cl(QRes)l(~,  2, t, y, a), . . ., Cl(QRes)q(~, 2, t, y, a) 

of the resolution QRes(t ,  y, a), and for each index n, 1 < n < q, there exists a 

formal solution x,(~,  2, t, y, a), and a finite set of restricted limit groups 

QRlim~(~, 2, t, y, a), . . . , QRlim~(n)(~,  2, t, y, a) 

for which: 

(i) For every index n, 1 < n < q, the words corresponding to the equations 

in the system E(x. (~ ,  2, t ,y ,  a) ,y,  a) = 1 represent the trivial word in the 

closure Cl(ReS)n(~, 2, t, y, a). 

(ii) For every index n, the restricted limit groups 

QRlim~(,~,2, t , y ,a) ,  Q R l i m ~  ~ (~,2, t , y ,a )  . . . ,  . ( )  

are proper quotients of the n-th closure Cl ( Res )~( ~, 2, t, y, a ). 

(iii) For every index n, 1 < n < q, let D n (y) be the Diophantine set correspond- 

ing to the closure Cl(QRes)n(~, 2, t, y, a), and let D ~ ( y ) , . . . ,  Dn(n  ) (y) be 

the Diophantine sets corresponding to the restricted limit groups 

O R h ,  h (s, 2, t, y, a),.  , l '~ ^ a). �9 , ^ .. QR~mm(n)(s ,2 ,  t ,y ,  

Let 42 (x, y, a) be a word corresponding to one of the equations in the 

system qJ(x,y,a) ~ 1. I f  for some index n, 1 < n <_ q, Yo C Dn(y) 

and there exists a specialization (So, So, to, Yo, a) that factors through the 

closure Cl(Res)n(~,2,  t , y ,a ) ,  and Yo ~ D~(y) U . . .  L3 D~(n)(y),  then for 

every index j ,  1 <_ j <_ r: 

~j(xn(go,2o,to,Yo,a),yo,  a ) ~ l .  
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Proof: Identical to the proof of Proposition 1.2. | 

The restricted limit groups QRlimn(~, 2, t, y, a) are the input for the second 

step of the iterative procedure for validation of a sentence in the minimal rank 

case. 

T h e  g e n e r a l  s t ep  o f  t h e  [ t e r a t i ve  p r o c e d u r e .  In a similar way to the 

first step of the procedure, the input to the general (m-th) step of the iterative 

procedure consists of finitely many well-structured resolutions QRes(tm, y,a) 
with corresponding limit groups QRlim(tm,y,a),  and to each resolution 

QRes(tm,y,a) there are finitely many associated limit groups of the form 

QRlim(sm, z~, tm, y, a), where each limit group QRlim(sm, Zm, tm, y, a) is a 

proper quotient of a closure of the resolution QRes(tm, y, a), 

Cl(QRes)(Sm, Zm, tin, y, a). 

Applying the same procedure used to construct the quotient resolutions 

QRes(s,z ,y ,a)  in the first step, with each given proper quotient 

QRlim(sm,Zm,tm,y,a) of a closure of the resolution QRes(tm,y,a), 
Cl(QRes)(sm, zm,tm,y,a), we can associate finitely many (ungraded) 

resolutions { Res y ( sm , zm , tin, y, a)} so that: 

(1) Every specialization of QRlim(sm, Zm, t~, y, a) which is a specialization 

of the closure Cl(QRes)(s~, zm,tm,y,a) factors through at least one of 

the resolutions {Resj(Sm, zm, tin, y, a)}. 

(2) By a similar argument to the one used to prove Theorem 1.15, for every 

possible index j 

Cmplx(Resj(Sm, Zm, tm, y, a)) < Cmplx(QRes(tm, y, a)). 

The final part  of the general step of the procedure for validation of a sentence 

in the minimal rank case is the construction of formal solutions in a similar way 

to the one described in Propositions 1.2 and 1.16. 

PROPOSITION 1.17: Let Res(Sm, Zm,tm,y,a) be one of the resolutions con- 

structed above and let Rlim( sm , zm , tm , y, a) be its corresponding limit group. 

For brevity, we will denote the resolution by Res(tm+l, y, a) and the correspond- 

ing limit group by Rlim(tm+l, y, a). There exists a covering closure 

Cl(Res)l (Sm+l, Z,~+I, tm+l, y, a ) , . . . ,  Cl(Res)q(S,~+l, Z~+l, t,~+l, y, a) 

of the resolution Res(tm+l,y,a), and for each index 1 <__ n < q there exists a 
formal solution Xn(Sm+l, Zm+l, tin+l, y, a), and a finite set of restricted limit 



Vol. 143, 2 0 0 4  DIOPHANTINE GEOMETRY OVER GROUPS IV 27 

groups Q R l i m ~ ( s m + l  zm+~,t,~+l y ,a ) ,  , Q R l i m ' ~ n  (Svnq-l,Z.~q-1 t ,~+l , y ,a )  , , . . .  ( )  , 

for which: 

(i) For each index  n, 1 ~ n ~ q, the words corresponding to the equations in 

the s y s t em  ~ ( Xn  ( S~n + l , Zm q- l , tin+l, y, a ) , y, a) represent  the trivial word in 

the closure C l ( R e s  ) n ( sm+ l , Zm q-1, tin+l, y ,  a ) . 

(ii) For every  index  n, the restricted l imit  groups 

(iii) 

�9 n ~ , a )  QRl im~( s ,~+l ,  zm+i, t,~+l, y, a ) , . . . ,  QRlzm~(~)(s ,~+l ,  ~m+l, t,~+l y, 

are proper  quot ients  o f  the n - th  closure C1 ( R e s  )7z ( s.~+ l , z.~+ l , tm+ l , y, a ). 

For every  index  n, 1 <_ n <_ q, let D~(y )  be the Diophant ine  set  corre- 

sponding to the closure Cl(  Q Res )~(  sm+ l , z.~+x, tin+l, y, a), and let 

DT(y),..., 

be the Diophant ine  sets corresponding to the restr icted l imit  groups 

QRl im~( s ,~+l ,  z,~+l , t,~+l, y, a), . . . , QRl im~(n)  (8m+1 , Zm+l ,  tin+l, y, a). 

Let  ~ j  (x, y, a) be a word corresponding to one o f  the equations in the 

s y s t em  q~(x ,y ,a) .  I f  for some index  n, 1 < n < q, Yo E D~(y )  and there 

exists  a specialization (s,~+lo, z~n+lo, t,~+lo, Yo, a) that factors through the 

closure C l (Res )~(s ,~+l ,  z~+l ,  tin+l, y, a), and 

Yo ~ D]~(Y) U . . . U D.n(~)(y), 

then for every index  j ,  1 ~_ j ~_ r, 

~ j ( X n ( S r a + l l ,  Zm+ll,  trn+l 0, Y0, a), Yo, a) # 1. 

Proof" Identical to the proof of Proposition 1.2. | 

The resolutions R e s ( t , ~ + l , y , a ) ,  their corresponding limit groups 

Rl im( t ,~+l , y , a ) ,  and the restricted limit groups QRlirn~(s ,~+l ,  z,~+l, tin+x, y, a) 

which are proper quotients of their corresponding closures, are the input for the 

next step of the iterative procedure for validation of a sentence in the minimal 

rank case. 

The successive reduction in the complexity of the restricted resolutions con- 

structed in the different steps of the iterative procedure for validation of a sen- 

tence in the minimal rank case, finally leads to its termination at a finite step. 

This termination makes it useful for the purposes of quantifier elimination. 
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THEOREM 1.18: ff the initial restricted limit group Rlim(y,a)  is of minimal 

rank, then the iterative procedure for validation of a sentence terminates after 

tinitely many steps. 

Proof: Let Res(tm,y,a) be a resolution obtained in the rn-th step of the 

iterative procedure, and let Res(tm+l,y,a) be a resolution obtained in the 

rn + l-th step from the resolution Res(tm,y,a).  By applying Theorem 1.15 

to the rn + 1-th step of the iterative procedure, Cmplx(Res(t,~+l,y,a)) < 

Crnplx(Res(tm,y,a)).  Hence, if our iterative procedure does not terminate 

in a finite time there exists an infinite sequence of strictly decreasing finite 

tuples of (decreasing) positive integers. But the lexicographical order on fi- 

nite tuples of (decreasing) positive integers guarantees that every sequence of 

strictly decreasing finite tuples of (decreasing) positive integers terminates, a 

contradiction. | 

2. Taut  homomorph i sms  of maximal  rank 

In the previous section we used an iterative procedure for validation of a 

sentence. Given a true sentence of the form 

Vy 3x E(x,y,a)  = l A q~(x,y,a) r l 

the procedure uses a sequence of formal solutions, whose existence is guaran- 

teed by theorem 1.18 in [Se2], to iteratively construct resolutions containing the 

decreasing sets of the "remaining" y's. To each resolution we have assigned its 

complexity, and the iterative procedure guarantees a decrease in the complex- 

ity of the resolutions constructed in consecutive steps of the procedure. This 

complexity decrease forces the iterative procedure to terminate in a finite time. 

The approach presented in the previous section for validation of a sentence is 

the basis for our "trial and error" procedure for quantifier elimination presented 

in the next paper. However, the procedure described in the previous section is 

bounded to the minimal rank case (rank 0 case). In this section we generalize the 

notion of complexity to general resolutions, and start modifying the iterative 

procedure presented in the previous section to guarantee the decrease in the 

complexity of resolutions constructed by the procedure, that finally implies the 

termination in a finite time of the iterative procedure for validation of a general 

sentence, omitting the minimal rank assumption. 

Since some of the intermediate claims made in the previous section remain 

true in the general case, we will continue using the notation used in the previous 
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section. Before starting with the procedure itself, we need to introduce some 

further notions associated with restricted limit groups and their resolutions. We 

start  with the natural notion of the r a n k  of a resolution Res(y, a), which we 

denote rk(Res(y, a) ). 

Definition 2.1: Let Res(y,a) be a resolution of a restricted limit group 

Rlim(y, a). The r a n k  of the resolution Res(y, a), denoted rk(Res(y, a)), is the 

maximal integer n for which there exists an epimorphism h: Rlim(y, a) ~ Fk*Fn 
that  factors through the resolution Res(y,a). Note that  rk(Res(y, a)) is pre- 

cisely the sum of the ranks of the free factors dropped along the resolution 

Res(y, a). Also, note that the minimal rank resolutions analyzed in the previ- 

ous section are rank 0 resolutions. 

By definition, if h: Rlim(y, a) --+ Fk * Fn is an epimorphism that  factors 

through the resolution Res(y, a), then n < rk(Res(y, a)). Hence, the rank of 

a resolution is a basic measure of its complexity that  was not needed in the 

minimal rank (rank 0) case. 

In section 1 of [Se2], we have defined the completion of a well-structured 

resolution (definitions 1.11 and 1.12 in [Se2]). To get a terminating iterative 

procedure in the minimal rank case, analyzing well-structured resolutions and 

their completions is sufficient, as was shown in the previous section. However, 

to get a terminating iterative procedure in the general case, we need to restrict 

ourselves to a special class of well-structured resolutions which we call well- 

s e p a r a t e d  r e so lu t ions .  

We start by defining well-separated resolutions (Definition 2.2), and associate 

with such a resolution the collection of homomorphisms that  factor through 

a well-separated resolution and are "compatible" with its structure, that  we 

call t a u t  with respect to the given well-separated resolution (Definition 2.4). 

Finally, given a (restricted, graded) limit group we modify the construction of 

the Makanin Razborov diagram presented in section 5 of [Sell and construct 

its (canonical) taut  Makanin-Razborov diagram, which contains finitely many 

well-separated resolutions, so that  every homomorphism from the given limit 

group into a free group is taut  with respect to at least one of the resolutions in 

the taut  MR diagram. 

Definition 2.2: Let Res(y, a) be a well-structured resolution of a restricted limit 

group Rlim(y, a). Suppose that  the resolution Res(y, a) is given by a decreasing 

sequence of restricted limit groups 

Rlim(y, a) = Rlimo(y, a) ~ Rliml(y, a) --~ ... -+ Rlime(y, a) = <  a, f > *H e 
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where < a , f  > and H e are free groups. For each indexi,  0 < i < g - l ,  let 

~li: Rlimi(y,  a) ~ Rlimi+l(y,  a) be the canonical quotient map. 

According to the definition of a well-structured resolution (definition 1.11 

in [Se2]), with each restricted limit group Rlimi(y,  a) that appears along the 

well-structured resolution Res(y, a), there is an associated free decomposition 

i i Rlimi(y,  a) = R~ * . . .  * Rq(i) * F~k(i ) * H i 

where Fi~k(i ) is a (possibly trivial) free group of rank rk(i) and H i is a (possi- 

bly trivial) free group. With each factor R~ there is an associated (restricted, 

possibly trivial) abelian decomposition (graph of groups), and a corresponding 

restricted modular group. 

Let R~ be a factor in the free decomposition of Rlimi(y,  a) which is not a 

surface or an abelian factor, and let A} be the abelian decomposition associated 

with the factor R} in the resolution Res(y, a). Let A} be the cyclic decompo- 
sition of Rj obtained from A~ by collapsing all the edge groups connecting two 

non-QH vertex groups. In A~ each non-QH vertex group is connected only to 

Q H  vertex groups. 

Let Q 1 , . . . , Q s  be the QH vertex groups in the cyclic decomposition A}, 

and for each Q H  subgroup Qh let Sh be its corresponding surface, and let 

bdh,1,. �9 �9 bdh,c be its boundary components. Let 

~i(Qh) = V1 * . . .  * Vm(h) * Hh 

be the maximal (most refined) free decomposition inherited by ~i(Qh) from the 

given free decomposition of Rlimi+l (y, a) in which each of the images of the 

boundary elements ~i(bdh,n) can be conjugated into one of the factors Vr, and 

each factor Vr contains a conjugate of an image of a boundary element, ~i (bdh,n). 

The free product inherited by the image ~i(Qh) lifts to a decomposition of the 

surface Sh. Let Fh(Qh) be a maximal decomposition of Sh along a collection of 

disjoint, non-homotopic s.c.c, which is a lift of the free decomposition inherited 

by ~)i(Qh). Let a} be the graph of groups obtained from the graph of groups A~ 

by further cutting the surfaces $1 , . . . ,  Ss, corresponding to the Q H  subgroups 

Q1, . . . , Qs ,  along the collections of s.c.c, that appear in the decompositions 

Fh(Qh), and connecting the obtained (punctured) surfaces with edges stabilized 

by cyclic edge groups that correspond to the s.c.c, along which the original 
surfaces were cut. Clearly, cutting surfaces along the given collection of s.c.c. 

does not change the fundamental group of the obtained graph of groups, so the 
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fundamental group of a} is (still) the factor R~. 

31 

i i by erasing the With aj  we associate a graph of groups O~, obtained from aj  

edges that correspond to s.c.c, along which the original surfaces in A~ were cut. 

With each connected component of O~ that contains a non-QH vertex group, 

we associate its fundamental group that we denote Wu. Let Wl,. . . ,Vdm be 
the subgroups associated with the various connected components (that contain 

a non-QH vertex group) in the graph of groups O}. We say that the well- 

structured resolution Res(y ,  a) is a wel l - separa ted  resolu t ion  if the following 

conditions hold: 

(i) For each subgroup associated with a connected component of O} that 

contains a non-QH vertex group Wu, the image ~i(W~) is a factor in the 

given free decomposition of Rlimi+l  (y, a), which is a free product of some 

(possibly trivial) factors {R} +1 }, and a (possibly trivial) factor of the free 
Fi+ l group ~k(i+l)" Furthermore 

~li ( R) ) = 7/i(< W1, . . . , Wm >) * H i = ~li ( W1) * ' " *  71i ( Wm ) . H i. 

(ii) The subgroup H i is free, and its rank is equal to the difference between 
i and the first betti number of the the first betti number of the graph (~j 

graph O} plus the number of once punctured Klein bottles among the Q H  
vertex groups in O}. 

(iii) Let S' be a punctured surface obtained from a punctured surface in the 

decomposition 0} that is connected to a non-QH vertex group in the 

decomposition 0}, by adjoining disks to the boundary components that 

are mapped to the trivial element by ~/i. Then no s.c.c, on S r is mapped 

to the trivial element by the map Ui. 

(iv) Let Q be one of the Q H  subgroups in the graph of groups A~, and let 

SQ be the punctured surface associated with Q. Let $1 , . . . ,  Sq be all the 

punctured surfaces in O} which are subsurfaces of the surface SQ, so that 

each of the subsurfaces Sb is connected to a non-QH vertex group in the 
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graph of groups O}, and each subsurface of SQ that is connected to a 

non-QH vertex group in O} is one of the surfaces S1,--., Sq. Let S be 

the punctured surface S = S o \ {$1 U. . .  U Sq} and let S' be the closed 

surface obtained from S by adding disks to all its boundary components. 

Then ~/i(7rl(S)) = ~/i(Th(S')), is a maximal possible rank free quotient of 

7rl  ( S t )  . 

(v) Let R~, a factor in the given free decomposition of Rlimi(y, a), be a closed 

surface group. Then ~?i(R}) is a free group, which is a maximal possible 

rank free quotient of the surface group R}, and ~/i(R}) is a free factor of 

Hi+l. 

By lemma 1.14 of [Se2], if Res(y,a) is a well-structured resolution, and 

Comp(Res)(z,y, a) is its completion, then if we replace each of the completed 

limit groups Comp(Rlim)i(z, y,a) by Comp(Rlim)i(z,y, a)* H i, where H i is 

the corresponding free factor that appears in the given free decomposition of 

Rlirni(y, a), then the modified completed resolution is a well-structured resolu- 

tion. By construction, the same is true for well-separated resolutions. 

LEMMA 2.3: Let Res(y, a) be a weli-sepayated resolution, and 
Comp(Res)(z,y,a) be its completion. If we replace each of the completed 
limit groups Comp(Rlim)i(z, y, a) by Comp(Rlim)i(z, y, a) * H i, where H i is 
the corresponding free factor that appears in the given free decomposition of 
Rlirni(y, a), then the modified completed resolution is a well-separated resolu- 
tion. 

In the minimal rank case, we have analyzed the entire collection of homomor- 

phisms that factor through a given well-structured resolution in each step of our 

iterative procedure. We start the analysis of general sentences by imposing a 

further restriction on the homomorphisms associated with a given well-separated 

resolution. Later on, we show that there exists a canonical Makanin-Razborov 

diagram, called the t au t  Makan in -Razbo rov  diagram, containing only well- 

separated resolutions, so that every specialization of the limit group Rlim(y, a) 
satisfies the additional (taut) condition with respect to at least one of the well- 

separated resolutions Res(y, a) from the taut Makanin-Razborov diagram. 

Definition 2.4: Let Res(y, a) be a well-separated resolution of a restricted limit 

group Rlim(y, a) and let Comp( Res)(z, y, a) be its completion. Let h: Rlim(y, a) 
--+ Fk be a homomorphism that factors through the resolution Res(y, a). Since 

the homomorphism h factors through the resolution Res(y,a), it can be ex- 

tended to a homomorphism h: Comp(Rlim)(z, y, a) -+ Fk that factors through 
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the completed resolution Camp( Res)( z, y, a). 

We say that the homomorphism h: Rlim(y, a) --+ Fk is taut with respect to 

the well-separated resolution Res(y, a) if the following conditions hold: 

(i) The image under the homomorphism ]1 of an abelian edge group in any 

of the abelian decompositions associated with the various levels of the 

completed resolution Comp(Res)(z, y, a) is non-trivial. 

(ii) The image under the homomorphism h of any QH subgroup Q in any 

of the abelian decompositions associated with the various levels of the 

completed resolution Comp(Res)(z, y, a) is non-abelian. 

(iii) Let A} be the abelian decomposition associated with a factor R} of the 

restricted limit group Rlimi(y, a), and let O} be the abelian decomposi- 

tion associated with A} and obtained by cutting the (punctured) surfaces 

associated with QH vertex groups in A} along the specified collections of 

s.c.c. (see Definition 2.2). Let Q be a QH subgroup in the abelian decom- 

position A}, and let SQ be its corresponding punctured surface. The ho- 
momorphism ]z factors through the completion Comp(Res)(z, y, a), hence, 

with the homomorphism ]~ and the QH vertex group Q, there is an asso- 

ciated modular automorphism ~Q of SQ. 

Let S be a connected punctured subsurface of the surface SQ con- 

nected to some non-QH vertex group in the decomposition 0}. Let S' be 

the punctured surface obtained from S by adjoining disks to the boundary 

components of S that are mapped trivially by the quotient map rJi. Then 

no s.c.c, on the punctured surface S r is mapped to the trivial element by 
the composition ]~ o ~Q. 

PROPOSITION 2.5: Given a limit group Rlim(y,a),  there exists a (canoni- 
cal) t au t  M a k a n i n - R a z b o r o v  d iagram in which every resolution is well- 
separated, and every homomorphism h: Rlim(y, a) -+ Fk is a taut homomor- 
phism with respect to at least one of the Mal~nin-Razborov resolutions in the 
(canonical) taut Makanin-Razborov diagram. 

Proof: We start with the restricted limit group Rlim(y,a). If Rlim(y,a) is 

freely decomposable we continue with each factor separately. Hence, w.l.o.g, we 

assume that Rlim(y, a) is freely indecomposable. Therefore, we may associate 

with Rlim(y, a) its abelian JSJ decomposition which we denote A0, and the 

collection of homomorphisms h: Rlim(y, a) --+ Fk. First we look at degenerate 

homomorphisms h: Rlim(y, a) --+ Fk, i.e., those homomorphisms that either 

map an edge group in Ao into the trivial element in Fk, or a non-abelian vertex 
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group in A0 into a cyclic (or trivial) subgroup in Fk. By the arguments used in 

the construction of the Makanin-Razborov diagram of a limit group ([Sell, sec- 

tion 5), the collection of degenerate homomorphisms h: Rlirn(y, a) ~ Fk factor 

through finitely many maximal limit groups DRliml(y, a ) , . . . ,  DRlims(y, a), 
where each of the restricted limit groups DRlimi(y, a) is a proper quotient 

of the original limit group Rlim(y, a). Hence, to analyze the entire set of 

homomorphisms h: Rlirn(y, a) ~ Fk, we can restrict ourselves to the set of 

all the non-degenerate homomorphisms h: Rlirn(y, a) --+ Fk, and later ana- 

lyze the collections of homomorphisms from the proper quotients of Rlirn(y, a): 

DRliml(y, a ) , . . . ,  DRlims(y, a) to the free group Fk, in the same way we have 

analyzed the collection of all homomorphisms from Rlim(y, a) to Fk. 

Given the graph of groups A0, up to automorphisms of the (punctured) sur- 

faces associated with its QH subgroups, there are only finitely many possibili- 

ties to decompose these (punctured) surfaces along collections of disjoint non- 

homotopic s.c.c., hence, up to automorphisms of these (punctured) surfaces, 

there are only finitely many possibilities for the graph O ~ (see Definition 2.2). 

With each possibility for the graph O ~ we associate the collection of non- 

degenerate homomorphisms h: Rlim(y, a) --+ Fk which are taut with respect 

to the single level well-separated resolution corresponding to the given abelian 

decomposition of Rlim(y, a) and the collection of s.c.c, on each of the surfaces 

associated with its QH subgroups. Note that this collection may be empty, in 

which case we exclude the corresponding possibility for the graph O ~ from our 

list of possibilities. We continue with each of the (finitely many) possibilities 

for the graph O ~ (except the excluded ones) in parallel. Given the graph O ~ 

we apply the shortening procedure for all the non-degenerate hornomorphisms 

h: Rlirn(y, a) ~ Fk that are taut with respect to the (resolution associated 

with the) graph O ~ From the collection of shortened homomorphisms we con- 

struct a (canonical) collection of finitely many maximal shortening quotients of 

Rlim(y, a), which we denote Rlirn~ (y, a ) , . . . ,  Rlim~l (y, a). By ([Sel], 5.3) ev- 

ery shortening quotient, Rlimld(y, a), is a proper quotient of the restricted limit 

group Rlim(y, a). 

We continue with each of the maximal shortening quotients Rlirnl(y, a) and 

its associated collection of homomorphisms hi: Rliml(y, a) ~ Fk in parallel. 

If Rlimla(y, a) is freely decomposable we continue with each of its factors in 

parallel, so w.l.o.g, we may assume that Rlimla(y, a) is freely indecomposable. 

Hence, we may associate with Rlirnla(y, a) its abelian JSJ decomposition which 

we denote A 1. With Rlirnla(y, a) we canonically associate its canonical finite col- 
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lection of proper quotients obtained from the set of degenerate homomorphisms 

hi: Rlirnld(y, a) --+ Irk. We further continue the analysis of all homomorphisms 

hi: Rlirn(y, a)l(y, a) ~ Irk that  factor through one of the degenerate quotients, 

and the set of non-degenerate homomorphisms hi : Rlirnld(y, a) --+ Fk in paral- 

lel. To analyze the set of non-degenerate homomorphisms hi: Rlirnld(y, a) -+ Fk 
we again look for the finitely many possibilities (up to automorphisms of the 

relevant surfaces) for the graph 01 associated with Rlimld . 

With each possibility for the graph Ol we associate the collection of non- 

degenerate homomorphisms hi: Rlimld(y, a) ~ Fk which are taut  with respect 

to (the well-separated resolution associated with) O~, and from this collection 

we obtain a canonical finite collection of maximal shortening (proper) quotients, 

and continue to the next level. 

Since at each step in our construction we obtain (canonical) collections of 

proper quotients of limit groups obtained in previous steps, the descending chain 

condition for decreasing sequences of limit groups proved in ([Sel], 5.1) guar- 

antees that  the first part for the construction of the taut  Makanin-Razborov 

diagram terminates. Once it terminates, we have obtained a (canonical) finite 

set of resolutions Res(y, a) of the restricted limit group Rlirn(y, a), and with 

each resolution Res(y, a) a collection of homomorphisms that  factor through the 

resolution Res(y, a) and are non-degenerate with respect to the abelian decom- 

positions associated with all its levels. By construction, the union of the collec- 

tions of homomorphisms associated with the resolutions Res(y, a) constructed 

by the above procedure includes every homomorphism h: Rlirn(y, a) ~ Fk. 

Since the resolutions we get are obtained by successive application of the 

shortening procedure, if a resolution in our final collection is a strict resolu- 

tion, then it is necessarily a well-separated resolution, so we can take it to be a 

resolution in the taut  Makanin-Razborov diagram. If a resolution Res(y, a) is 

not a strict resolution, we modify it as we did in the construction of the strict 

Makanin Razborov diagram (proposition 1.10 in [Se2]). With the limit groups 

associated with the various levels of a (non-strict) resolution Res(y, a) we as- 

sociate the limit groups obtained from the set of homomorphisms associated 

with the resolution Res(y, a), i.e., from the collection of homomorphisms that  

factor and that  are (non-degenerate and) taut  with respect to the resolution 

Res(y, a). Since Res(y, a) is a non-strict resolution, at least one of the obtained 

limit groups is a proper quotient of the corresponding limit group that  is as- 

sociated with one of the levels of Res(y, a). Let i be the highest such level in 

Res(y, a). 
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We replace the limit group Rlimi(y,a) associated with the i-th level in 

Res(y, a) by the proper quotient obtained from the set of homomorphisms that  

factor through the resolution Res(y, a) and are taut  with respect to it, and con- 

tinue our construction of resolutions with the newly obtained limit group. Since 

each time we replace a resolution, we replace a limit group associated with one 

of its levels by its proper quotient, and a decreasing sequence of limit groups 

must terminate ([Sel], 5.1), the iterative process for the construction of the taut  

Makanin Razborov diagram associated with the original limit group Rlim(y, a) 
terminates after finitely many steps. Each of the resolutions obtained by the 

process is a strict resolution, and since they were all obtained using shortening 

quotients, all the obtained resolutions are well-separated resolutions. 

We set the taut  Makanin-Razborov diagram to be the collection of resolutions 

obtained by the above iterative procedure. By construction, every homomor- 

phism h: Rlim(y, a) --+ Fk factors through and is taut  with respect to at least 

one of the resolutions in the taut  diagram. | 

In each of the steps of the iterative procedure for the validation of an AE sen- 

tence we present, we analyze all the taut  homomorphisms that  factor through 

the resolutions constructed in the previous step of the procedure (and satisfy 

some additional non-trivial relation). By Proposition 2.5, every homomorphism 

is taut  with respect to at least one of the resolutions in the taut  Makanin 

Razborov diagram. Hence, we are able to use the taut  Mal~nin-Razborov 

diagram to further impose the taut  restriction on the homomorphisms and the 

well-separated restriction on the resolutions we study at each step of the proce- 

dure. 

Let 

Vy 3x E ( x , y , a ) = l A ~ ( x , y , a ) ~ l  

be a true sentence defined over Fk. Let Fy = <  yl , . . . ,ye  > be the free 

group defined over the variables Yl,...,Y~. By Proposition 1.1 there 

exists a formal solution x = x(y, a), and a finite set of restricted limit groups 

Rliml (y, a), . . . , Rlimm(y, a) for which: 

(i) The words corresponding to the equations in the system E(x(y, a), y, a) = 

1 represent the trivial word in the free group Fk * Fy. 
(ii) For every index i, Rlimi(y, a) is a proper quotient of the free group Fk *Fy. 

(iii) Let B I ( y ) , . . . , B m ( y )  be the basic sets corresponding to the restricted 

limit groups Rliml(y, a) , . . . ,  Rlimm(y, a). If y ~ B1 (y) U... UBm(y), and 

~j (x, y, a) is a word corresponding to one of the equations in the system 

�9 (x,y,a), then Cj(x(y,a),y,a) ~ 1. 



VO1. 143, 2004 DIOPHANTINE GEOMETRY OVER GROUPS IV 37 

Proposition 1.1 gives a formal solution that proves the validity of the given 

sentence on a co-basic set (F~) e \ (BI(y) U . . .  U B,~(9)), hence the rest of the 

procedure needs to construct formal solutions that  prove the validity of the 

sentence on the remaining basic sets B I ( y ) , . . . ,  Bin(y). Since our t reatment  of 

the restricted limit groups R l i m l ( y , a ) , . . .  ,R l imm(y ,a )  that  define the basic 

sets B I ( y ) , . . . ,  B,~(y) is independent, we will continue with one of these limit 

groups, which for brevity we denote Rlim(y,  a). Note that  Rlim(y ,  a) is a proper 

quotient of the free group Fk * Fy. 

Let Rlim(y ,  a) be a restricted limit group. By Proposition 2.5 with Rlim(y ,  a) 
one can associate the (canonical) taut  Makanin Razborov diagram. Let 

Resl(y ,  a ) , . . . ,  Rest (y ,  a) be the resolutions in this taut  diagram. Each resolu- 

tion in the diagram is a well-separated Makanin Razborov resolution of either 

the restricted limit group Rlim(y,  a) or of a proper quotient of it, and every 

specialization of the restricted limit group Rlim(y ,  a) is taut  with respect to at 

least one of the resolutions 

12~e31, (y, a), . . . , [~eSr(y, a). 

Since every resolution in the taut  Makanin-Razborov diagram is, in particu- 

lar, a well-separated resolution, with each resolution Resi(y,  a) we can asso- 

ciate its completed resolution Comp(Res)i  (z, y, a) with a completed limit group 

Comp(Rl im) i ( z , y ,a ) .  By lemma 1.14 of [Se2] for every specialization (y0,a) 

that  factors through the resolution Resi(y, a), there exists some specialization 

(z0, Y0, a) that  factors through the completed resolution Comp(Res) i ( z ,y ,  a). 
Therefore, if Di(y) denotes the Diophantine set corresponding to the completed 

limit group Comp(Rl im) i ( z , y ,a ) ,  and B(y) is the basic set corresponding to 

the original limit group Rlim(y ,  a), then B(y) = D1 (y) U . . .  U Dr(y). 
As in the minimal rank case, the continuation of the iterative procedure in 

the general case is conducted independently for the different limit groups and 

each of their resolutions. Hence, for the rest of the procedure, we will denote 

the restricted limit group in question Rlim(y ,  a), and its resolution Res(y ,a)  
omitting their indices. 

By theorem 1.18 of [Se2], from the validity of our given sentence we get the 

existence of a covering closure C l ( ReS ) l ( S , z, y, a ) , . . . , C l ( Res ) q ( s , z, y, a) of the 

resolution Res(y,  a), and for each index n, 1 _< n <_ q, there exists a formal 

solution xn(s, z, y, a) for which: 

(i) The words corresponding to the equations in the system 

E ( x n ( s , z , y , a ) , y , a )  = 1 represent the trivial word in the closure 

Cl(Res)n(S, z, y, a). 
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(ii) There exists some specialization (s~, z~, y~) for which 

n n n n �9 (xn(so ,Zo ,Yo ,a) , yo ,a  ) ~ 1. 

The formal solutions described above prove the validity of the given sentence 

on a certain co-Diophantine set. As in the minimal rank case, to analyze the "re- 

maining" set of y's we construct an iterative procedure that produces a sequence 

of well-separated resolutions and their completions. The iterative procedure for 

analyzing general resolutions is a modification of the procedure presented in the 

previous section. To get such a generalization, the analysis of the set of the 

remaining y's in each step of the procedure needs to be modified, as well as the 

complexity presented for the minimal rank case. As in the minimal rank case, 

the decrease in the modified complexity will finally force the iterative procedure 

to terminate. 

In each of the steps of the iterative procedure, we analyze all the taut 

homomorphisms that factor through the resolution Res(y,a)  and the closure 

Cl(res ) ( s , z , y ,a ) ,  and satisfy the equation ~ j ( x ( s , z , y , a ) , y , a )  = 1 for some 

index j. By Proposition 2.5, every homomorphism is taut with respect to at 

least one of the resolutions in the taut Makanin-Razborov diagram, hence we 

do not lose any homomorphism by imposing the taut condition. 

In this section we present a modification of the procedure for validation 

of a sentence in the minimal rank case to a procedure for validation of a 

sentence for taut maximal rank homomorphisms. This is still much simpler 

than the iterative procedure for validation of a sentence in the general case 

which is presented in the next sections. In this section we analyze all the epi- 

morphisms h: Rl im(y ,a)  -+ Fk * Frk(Res(y,a)) that are taut with respect to 

the resolution Res(y,a) ,  where Frk(Res(y,a)) is a free group of rank rk(Res) ,  
Cl(Res) (s, z, y, a), and satisfy the equality r (x(s, z, y, a), y, a) = 1 in the free 

group Fk * Frk(Res(v,a)), for some index j. In the next sections we make use of 

this analysis to get an iterative procedure for validation of a general sentence of 

the form given above. 

A taut maximal rank homomorphism that factors through the closure 

C l ( Res ) ( s , z, y, a) can be extended to a taut homomorphism h : C l ( Res ) ( s, z, y, a) 
F k $ Frk(Res(y,a)). Since these homomorphisms are the maximal rank homo- 

morphisms that factor through the resolution Res(y,  a), the rank of the image 

under the homomorphism h of each quotient of the limit group Rlim(y ,  a) that 

appears along the resolution is determined. In particular, whenever a free fac- 

tor which is a free group is dropped along the resolution Res(y,  a), its image 

under the homomorphism h is a free factor of the subgroup Frk(Res(y,a)). For 
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analyzing the entire collection of maximal rank homomorphisms we may further 

assume that the image of a free factor that drops along the resolution is a fixed 

free factor in the free group F. Hence, we may assume that the image of the 

corresponding z generators of a free factor that drops along the resolution are 

fixed generators f of the free group F. Furthermore, the image of each circum- 

ference of a QH subgroup that appears along the resolution Res(y,a)  under 

the homomorphism h is contained in a free factor Fk * F1 * F2 of the free group 

Fa * F~.k(Res(U,a)), where the factor Fk * F1 contains the image of the boundary 

components of the QH subgroup, and F~ is the (possibly trivial) free factor gen- 

erated by some new generators corresponding to the image of the QH subgroup 

and (some of) the Bass-Serre generators connecting its boundary components. 

The rank of the free factor F2 depends on the resolution Res(y, a), and is fixed 

for all maximal rank homomorphisms. Hence, we may assume that for each QH 

subgroup, the factor F.2 is a fixed free factor of the free group Frk(Res(y,a)). 

Fixing the image of the "dropped" free factors along the resolution Res(y, a), 

we can modify the procedure given in Section 1 for analyzing the quotients 

of a minimal rank resolution, to analyze the quotients obtained as limits of 

taut maximal rank homomorphisms. First, the entire set of taut maximal rank 

homomorphisms (that fix the image of "dropped" free factors) from the closure 

Cl(Res)(s,  z, y, a) onto the free group Fk * F, 

that satisfy 

h: Cl (Rcs) ( s , z , y ,a )  -+ Fk * F~k(Res(y,~)), 

~j (x(h(s), h(z), h(y), a), h(y), a) = 1 

(in the free group Fk * Frk(Res(y,a))) for some index j ,  is contained in a finite set 

of maximal limit groups (over the free group Fk * Frk(Res(y,a))), 

QRlirnl ( s, z, y, a), . . . , QRlim,~(s, z, y, a). 

By the construction of the formal solution x(s, z, y, a) each of the quotient limit 

groups QRlimt(s ,  z, y, a) is a proper quotient of the closure Cl(Res)(s,  z, y, a). 
Since our analysis of the quotient groups 

QRliml(s ,  z, y, a ) , . . . ,  QRlimm(S, z, y, a) 

is conducted in parallel, we will continue with only one of them, which we denote 

QRlim(s ,  z, y, a). 

At this point we can modify the procedure given in Section 1 to analyze the 

well-separated resolutions containing all the taut maximal rank specializations 
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that  factor through the quotient group Q R l i m ( s , z , y , a ) .  We will keep the 

notation and notions used in analyzing minimal rank resolutions in the previous 

section. 

Suppose that  the free decomposition associated with the top level of the res- 

olution Res(y,  a), i.e., with the restricted limit group Rlimo(y,  a) = Rl im(y ,  a), 
is Rl im(y ,a )  = L I * " ' * L s * F  (where F is a free group). Then the clo- 

sure C l ( Res ) ( s, z, y, a) admits a natural free decomposition C l ( Res ) ( s, z, y, a) = 
L1 * . . .  * Ls * F and the canonical embedding u0: Rlim(y ,  a) ~ C1 (Res) (s, z, y, a) 
sends the factor L~ to the factor ]-i. By our assumptions on the maximal rank 

homomorphisms h: Cl(Res)(s,  z, y, a) ~ Fk * Frk(Res(y,a)), any maximal limit 

group QRlim(s ,  z, y, a) admits a free decomposition 

QRlim(s ,  z, y, a) = M1 * . . .  * Ms * F, 

and the canonical quotient map Cl(Res)(s ,  z, y, a) --~ QRl im(s ,  z, y, a) sends 

each of the factors L~ onto the factor Mi. Hence, in the continuation of the 

analysis of the structure of the quotient limit group QRlim(s ,  z, y, a) and its 

resolutions, we can analyze the factors ],~ and their quotients in parallel, so 

w.l.o.g., we may assume that  the free decomposition associated with the re- 

stricted limit group Rlim(y,  a) in the resolution Res(y,  a) is trivial. 

Let z be a generating set for the completed resolution Comp(Res) ( z ,y ,a ) ,  
and let Zbase be a subset of the variables z that  generate the subgroups that  

appear in all the levels of the completed resolution Comp(Res) (z ,y ,  a) except 

its top level. These variables are called the basis  of the completed resolution 

Cornp(Res) (z, y, a). 
With the top level of the well-separated resolution Res(y,  a) we have associ- 

ated a graph of groups 0 ~ Let W1,. �9 W u be the fundamental groups of those 

connected components of 0 ~ that  contain a non-QH vertex group. Since the 

resolution Res(y,  a) is well-separated, 

uo(Rlim(y,a))  = R l iml (y ,a )  -- ~o(W1) * ' "  * ~o(W~) * H 1 

where each factor ~o(Wd) is a free product of some (possibly none) of the factors 

R~, and a (possibly trivial) factor of the free group Flk(1). Since the resolution 

Res(y,  a) is well-separated, it is in particular a well-structured resolution, so 

the free decomposition of Rl iml (y ,a )  is inherited by all the restricted limit 

groups that  lie below Rl iml  (y, a) in the resolution Res(y,  a) and, hence, by the 

part  of the completed resolution Comp(Res)(z ,  y, a) that  contains all its levels 

except the top one. Therefore, the subgroup of the completed limit group, 
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Comp( Rlim)l (Z, y, a), admits the free decomposition Comp( Rl im )l (Z, y, a) = 

U1 * . . .  * U, where ~o(Wa) < Ud and Fk < U1. We will denote the z generators 

that generate the factor Ud by Zbase.d Since the homomorphisms in question are 

taut maximal rank ones, the subgroup < Zb . . . .  a >< QRlim(s,  z, y,a) admits 
1 2 P. the free decomposition < Zbase , a ~----~ Zbase , a ~ * ~ Zbase > * ' . .  * "~ Zbase ~>. 

In the sequel we will set the subgroup P < QRlim(s , z ,y ,a)  to be P = 

< z ~ ,  a > and for each index d, 2 < d < #, we set Rd < QRlim(s,  z, y, a) to be 
d Rd =< Zba~ >. Following the construction of the taut Makanin-Razborov dia- 

gram (Proposition 2.5), we construct the (canonical) taut multi-graded 

Makanin-Razborov diagram of the limit group QRlim(s,  z, y, a), containing all 

the taut homomorphisms h: Rlim(y, a) -+ Fk * Frk(ne,(v,a)) that factor through 

the closure Cl(Res)(s ,z ,y ,a)  and the quotient limit group QRlim(s ,z ,y ,a) ,  
viewed as a multi-graded limit group with respect to the subgroups 

P, R2 , . . . ,Ru .  Let M G R e s l ( s , z , y , r , p , a ) , . . . , M G R e s m ( & Z , y , r , p , a )  be the 

well-separated multi-graded Mal~anin-Razborov resolutions that appear in the 

taut multi-graded Makanin-Razborov diagram of the (multi-graded) limit group 

QRlim(s, z, y,r,p, a) with respect to the subgroups P, R~, . . . ,  Ru, where each 

multi-graded resolution is terminating in either a rigid or a solid multi-graded 

limit group (with respect to the defining subgroups P, R2, . . . ,  R,).  With each 

multi-graded resolution MGResi (s, ~z, y, r, p, a) we associate its collection of taut 

maximal rank epimorphisms h: QRlim(s, z, y, a) --+ Fk * Frk(ne~(>~)) that are 

taut with respect to that given resolution and with respect to the closure 

Cl(Res)(s, z, y, a). Note that by Proposition 2.5 every taut maximal rank epi- 

morphism h: Rlim(y, a) --+ F~ �9 Fra:(n~,(~,~)), that factors through the closure 

Cl(Res)(s, z, y, a) and the quotient limit group QRlim(s ,z ,y ,a) ,  is taut with 

respect to at least one of the multi-graded resolutions 

MGResl  (s, z, y, r, p, a ) , . . . ,  MGResm (s, z, y, r, p, a). 

We will treat the multi-graded resolutions MGRes i ( s , z , y , r ,p ,a )  in paral- 

lel, so for the continuation we will restrict ourselves to one of them, which 

we denote MGRes(s,  z, y, r,p, a) for brevity. Let MGlim(s,  z, y, r,p, a) be the 

multi-graded limit group corresponding to the multi-graded resolution 

MGRes(s,  z, y, r, p, a). 

For each j ,  let MGlimj(s ,  z, y, r, p, a) be the multi-graded limit group that ap- 

pears in the j-th level of the multi-graded resolution MGRes(s,  z, y, r, p, a). To 

analyze the complexity of the multi-graded resolution MGRes(s,  z, y, r, p, a) we 

start with the top level multi-graded limit group MGliml  (s, z, y, r, p, a), and go 
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down through the levels of the multi-graded resolution. M G l i m l  (s, z, y, r,p, a) 

admits a canonical free decomposition 

M G l i m l ( s , z , y , r , p , a )  = L~ . L~ * . . . * L 1 ( 1 )  * F 

(where F is a (possibly trivial) free group), which is the most refined free 
1 decomposition in which A P  =< Zba~,a >< L 1 and each of the subgroups 

d Rd =< Zbase > can be conjugated into one of the factors L~. Let A~ be the 

multi-graded abelian JSJ decomposition of L~ with respect to the subgroups 

P, R2,. �9 R~. Naturally, there exists a canonical map 

7-1: Rl im(y ,  a) ~ M G l i m l  (s, z, y, r, p, a). 

Rl im(y ,a )  was assumed freely indecomposable so it admits an abelian JSJ 
decomposition. Let Q be a quadratically hanging subgroup in the JSJ decompo- 

sition of Rlim(y ,  a), and let SQ be the corresponding (punctured) surface. The 

boundary elements of Q are mapped by ~-1 to non-trivial elements that can be 

conjugated to the various factors L1 , . . . ,  L~(1) in M G l im  l ( s , z, y, r, p, a ). "51 ( Q ) 

is a subgroup of M G l i m l ( s ,  z, y, r,p, a), so it inherits a (possibly trivial) free 

decomposition from the canonical free decomposition M G l i m l  (s, z, y, r,p, a) = 
1 L~ * . . .  * Ln(1) * F, a free decomposition in which all the boundary elements 

in Q are mapped to the various factors. This free decomposition naturally lifts 

to a cyclic decomposition of the Q H  subgroup Q and its corresponding surface 

sQ. 

THEOREM 2.6: There exists a maximal (possibly trivial) collection of  non- 

homotopic, non-boundary parallel s.c.c. ~(SQ) on the surface SQ that sep- 

arates SQ into (punctured) surfaces S 1, 1 . . . ,  S~(1) with fundamental groups 
1 ", Qm(1) which have the following properties: 

(i) Every s.c.c, from the defining collection r is in the kernel of  the map 

71. 
(ii) The fundamental group of each of the subsurfaces S~ that are connected 

to non-QH subgroups in the abelian JSJ decomposition of  R l im(y ,  a) 

is mapped by T1 into a non-trivial subgroup of a conjugate of one of  the 

factors L ~ of M Gl iml  (s, z, y, r, p, a) that either contains the subgroup A P  

or a conjugate of one of the subgroups Rd. 

(iii) Let S~ be a punctured subsurface of SQ that is not connected to a non-QH 

subgroup in the abelian JSJ decomposition of  RI im(y,  a), and let S~ be the 

closed surface obtained from S~ by adding disks to its boundary compo- 

nents. Given a taut maximal rank homomorphism, h: C l ( Res ) ( s, z, y, a) -+ 



Vol. 143, 2 0 0 4  DIOPHANTINE GEOMETRY OVER GROUPS IV 43 

(iv) 

F k �9 Frk(Res(y ,a) )  , which is taut with respect to the multi-graded reso- 

lution MGRes(s ,  z, y, r,p, a), the subgroup Q1 c of Q inherits an h-rank, 

rkh(Q~c), which is the rank of h(Q~c) in the free group Fk * F~k(R~s(~,a)). 

Then for all taut maximal rank homomorphisms h that can be extended 

to a homomorphism that factors through the given multi-graded resolu- 

tion, MGRes(s ,  z, y, r, p, a), the ranks rkh (Q1) are identical, and equal to 

a maximal free quotient of 7rl ($1 c ). 

Let c, 1 <_ c <_ re(l), be an index for which the punctured surface S 1 

is not connected to any non-QH vertex group in the abelian JSJ decom- 

position of Rlim(y, a). Then 7-1 (Q1 c) is a factor in a free decomposition 

of MGl iml ( s , z , y , r , p ,a )  in which all the subgroups P, R2 , . . . ,R~  can 

be conjugated into other factors. Fhrthermore, if  Scl , . . . ,  S 1. are all the 

punctured surfaces that are not connected to any non-QH vertex groups 

in the abelian JSJ decomposition of Rlim(y, a), then 

MGliml  (s, z, y, r, p, a) = M �9 T~ (Q1~1) * . . .  * T1 ( Q 1 ) .  [-I 

where all the subgroups P, R 2 , . . . ,  R~ can be conjugated into the factor 

M, and [-I is a (possibly trivial) free group. 

(v) rk([-I) is equal to the difference between the first betti number of the 

graph A obtained from the given abelian decomposition of Rlim(y, a) by 

collapsing all the edges that connect between non-QH vertex groups, and 

the first betti number of the graph obtained from A by cutting the surfaces 

associated with the QH vertex groups in A along the collection of s.c.c. 

associated with them. 

(vi) Let h: Rlim(y, a) --+ Fk * Erk(R~s(y,~)) be a taut maximal rank homomor- 

phism with respect to the resolution Res(y, a), and let 

J~: Comp(Rtim)(z,  y, a) -+ Fk * F~k(R~s(v,a)) 

be the corresponding (completed) homomorphism, and suppose that ]~ 

factors through the closure Cl(Res)(s, z, y, a) and the multi-graded limit 

group MGliml(s ,  z, y, r,p, a). Then with the notation of part (iv) 

h(MGliml  (s, z, y, r,p, a)) = Fk * F~k(R~s(v,a)) 

= ]~(M) �9 h(v~ (Qlc,)) , - . . ,  ]~(vl (Qlc~,)) �9 h(_f/). 

Proos (i) follows from the construction of the decomposition ~(SQ). The 

boundary components of the surface SQ are mapped by vl to elements that  
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can be conjugated into either P or one of the subgroups Rd. Since the homo- 

morphisms h: Comp(Rlim)(z,y,  a) -+ Fk * F~k(Rcs(y,~)), from which the multi- 

graded limit group MGliml  (s, z, y, r,p, a) is constructed, correspond to taut 

homomorphisms with respect to the resolution Res(y,a), h: Rlim(y,a) --+ 
Fk * Frk(nes(y,a)), all the boundary components of the surface SQ are mapped 

by T1 into non-trivial elements in MGliml (s , z , y , r ,p ,a ) .  Since in the free 

decomposition, MGliml  (s, z, y, r, p, a) = L 1 * --- * Lln(1) * F, the subgroups 

P, R2, . . . ,  Ru can be conjugated into the various factors L~, . . . ,  Ln(1) , I  each of 

the images under the map 71 of the boundary components of the surface SQ can 

be conjugated into one of the factors L~, L 1 " ' ' '  ,~,(1) " 

Let S~ be one of the (punctured) surfaces separated by the collection ~(SQ), 

and suppose that some of the boundary components of Sc ~ are the boundary 

components of S O. Let ~1 be the punctured surface obtained by adjoining 

disks to those boundary components of S 1 that are not boundary components 

of the ambient surface S 0. All the boundary components of S~ are boundary 

components of S O, so their images can all be conjugated into the various fac- 

tors L~,. . .  L 1 , n(1)" Hence, if the image TI(Trl(Scl)) cannot be conjugated into a 

factor L~ it inherits a non-trivial free decomposition from the decomposition, 

1 * F, a decomposition in which all the MGliml ( s , z , y , r ,p ,a )  = L~ * . . .  �9 L,~(1 ) 
boundary components of S~ are mapped to one of the factors. Since the col- 

lection of s.c.c. 4(SQ) is assumed to be a maximal collection of s.c.c, inherited 

by the ambient surface S o from the free decomposition of the image TI(SQ), 
the free decomposition inherited by ~-1(7r1($1)) from the free decomposition of 

MGliml(s ,  z, y, r,p, a) has to be trivial. Therefore, 71 (7rl (Scl))= T1(71"1 ($1)) can 

be conjugated into one of the factors LI~, and we get part (ii) of the theorem. 

Let Sc 1 be one of the punctured surfaces that does not contain any of the 

boundary components of the ambient surface SQ. Since the resolution Res(y, a) 
is well-separated, and since the homomorphisms 

h: Rlim(y, a) --~ Fk * Frk(nes(y,a)) 

are taut maximal rank homomorphisms with respect to the resolution Res (y, a), 

the rank of the image h(Qlc) has to be identical for all the homomorphisms h 

which can be extended to a homomorphism that factors through the multi- 

graded resolution MGRes(s,  z ,y ,r ,p ,a) .  Furthermore, since the homomor- 

phisms h are maximal rank, rk(h(Q~)) has the rank rk(h(TCl(S~))), components 

in the decomposition and we get part (iii). 
If Scl , . . . ,  Sle,, are the punctured surfaces separated by the collection of curves 

~(SQ~),..., ~(SQ~) which do not contain any boundary components of the am- 
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bient surfaces SQ1,...,SQ~, then for every homomorphism h: Rlim(y,a) --+ 

F k * Frk(res(y,a)) that is taut and maximal rank with respect to the resolution 

Res(y, a), 

Fk * ~rk(Res(y,a)) : h(Rlim(y, a)) 

= ]t(QRlim(s,z,y,a)) = Fh * h(Qlc,) * . . . *  h(Qlc,,) * h(/:/) 

where h(P), h(R2), . . . ,  h(R~) can all be conjugated into the factor F~, and hlH 

is an isomorphism. Since the (multi-graded) limit group MGliml (s, z, y, r, p~ a) 

is obtained from a sequence of homomorphisms that admit the free decompo- 

sition given above, MGliml(s,  z, y,r,p, a) admits a free decomposition of the 

form 

MGliml (s, z, y, r,p, a) = M * T1 (Qlc,) * . . .  * T~ (Qlc.,,) * [-t 

in which the subgroups P, R2, . . . ,  Ru can be conjugated into the factor M, and 

we finally get parts (iv)-(vi) of the theorem. | 

At this point we can apply the relevant part of the argument used in 

the minimal rank case, for analyzing the complexity of the graded resolution 

MGRes(s, z, y, r, p, a). If the image of a OH subgroup Q~, obtained by cutting 

a QH subgroup Qt in the abelian JSJ decomposition of Rlim(y, a) along the 

collection of s.c.c. ((SQ~), is in the factor M, i.e., ~-I(Q~) < M, then Q~ inherits 

a (possibly trivial) decomposition from the multi-graded abelian JSJ decompo- 

sition of one of the factors in the most refined free decomposition of the factor 

M in which the subgroups P, R2, . . . ,  R ,  can be conjugated into the different 

factors. Otherwise, Q~ inherits a decomposition from the abelian JSJ decompo- 

sition of the factor ~h (Q~)- We will denote these decompositions F~ (Q~). Such 
a decomposition corresponds to some decomposition of the surface S~, corre- 

sponding to the QH subgroup Q~, along a (possibly trivial) collection of disjoint 

non-homotopic s.c.c, which we denote F~ (S~). Note that by construction, every 
s.c.c, from the defining collection of 1 F i (S i ) is mapped by vl to either a trivial 
or an elliptic element in the abelian JSJ decomposition of either a factor of M 

or of "rl (Q~). 

LEMMA 2.7: Let Q' be a quadratically hanging subgroup in the multi-graded 

abe]ian J S J  decomposition of either a factor of M, in a free decomposition in 

which all the subgroups P, R~, . . . ,  R~ are elliptic, or a factor T1(Q~). Suppose 

that either 

(i) Q~ is contained in a factor of M, and for some subsurface Q~, obtained 
by cutting a QH vertex group Qt in the abelian JSJ decomposition of 
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Rlim(y, a) a/ong its associated collection of s.c.c. r162 ), r, (Q~) is con- 

tained in the same factor of M, but TI(QI) cannot be conjugated into the 
fundamental group of a subgraph of the multi-graded abelian decompo- 

sition of the corresponding factor of M that does not contain the vertex 

stabilized by Q', or 

(ii) Q' is a QH vertex group in the abelian JSJ decomposition of a factor 

TI(Q ). 
Then some subsurface of S 1 is mapped into a finite index subgroup of Q', 
genus(S r) < genus(S 1) and [~(S')[ < [~(S~)1. 

Proof'. Let S~ be the surface corresponding to Q~, and suppose that QI is a 

subgroup of the QH subgroup Q in the abelian JSJ decomposition of Rlim(y, a). 

Let SQ be the surface associated with the QH subgroup Q, and let S~ be the 

surface obtained from the punctured surface S~ by adding disks to those of 

its boundary components which are not boundary components of the ambient 

surface SQ. 

Since the resolution Res(y, a) is well-separated, and the homomorphisms h 

are taut and maximal rank, if there exists a s.c.c, on the closed surface S~ 

that is mapped to the identity by the map 71, then this s.c.c, can be added to 

the collection ~(SQ), which contradicts the maximality of the collection ~(SQ). 

Hence, no s.c.c, on the surface S~ is mapped to the identity by the homomor- 

phism rl. Since there is no s.c.c, on S~ that is mapped to the trivial element by 
the homomorphism T1, and since by the assumptions of the lemma ~1 cannot 

be mapped into a conjugate of the fundamental group of a subgraph that does 

not contain Q~ in the multi-graded decomposition of the corresponding factor of 

MGliml(s,  z ,y ,r ,p,  a), Lemma 1.4 implies that there must exist some subsur- 
face of ~/1 separated by the collection of curves F(S~), which we denote S, so that 

is mapped into a subgroup of finite index of Q', and all the boundary compo- 

nents of S are mapped into conjugates of boundary elements of SO,. Hence, the 

double of S is mapped into a subgroup of finite index of the double of S r. There- 

fore, genus(S') <_ genus(S) < genus(SQ), and Ix(S')[ _< IX(S)[ <_ [X(SQ)[. 
| 

We continue analyzing the levels of the multi-graded resolution 

MGRes(s ,z ,y ,r ,p ,a)  in the same way we have analyzed the first level, i.e., 

the multi-graded limit group MGliml(s ,z ,y ,r ,p ,a) .  Clearly, Theorem 2.6 

and Lemma 2.7 remain valid for the next levels of the multi-graded resolution 

MGRes(s, z, y, r, p, a). After finitely many steps we are left with either a rigid 
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or solid multi-graded limit group with respect to the subgroups P, R1 , . . . ,  R u. 

Like in the minimal rank case, to analyze the multi-graded resolution 

MGRes(s ,  z, y, r, p, a) we need to look at surviving surfaces. 

Definition 2.8: Let Q be a quadratically hanging subgroup in the abelian JSJ 

decomposition of Rlim(y,a)  and let S be its corresponding (punctured) sur- 

face. The QH subgroup Q (and the corresponding surface S) is called surviv- 

ing if along the multi-graded resolution MGRes(s ,  z, y, r, p, a) there exists some 

quadratically hanging subgroup Q~ in the multi-graded abelian JSJ decomposi- 

tion of a factor of one of the multi-graded limit groups MGlimj(s ,  z ,y ,r ,p ,  a), 

with corresponding surface S ~, so that T1 maps Q non-trivially into Q~, genus(S ~) 

= genus(S) and X(S') = x(S). 

By definition, if Q is a non-surviving QH subgroup in the 3SJ decomposition 

of Rlim(y, a), then every QH subgroup Q~ in any level of the multi-graded 

resolution MGRes(s ,  z, y, r, p, a) into which a subsurface of Q is mapped non- 

trivially, has either a strictly lower genus or a strictly smaller Euler characteristic 

than that of the QH subgroup Q. This would eventually "force" the complexity 

of the multi-graded resolution MGRes(s ,  z, y, r, p, a) to be smaller than that of 

the resolution Res(y, a) if one is able to "isolate" the surviving surfaces. 

THEOREM 2.9: Let Q1, . . . ,  Qr be the surviving QH subgroups in the JSJ de- 

composition of Rlim(y, a), i.e., those QH vertex groups that are mapped non- 

trivially into QH subgroups of the same genus and Euler characteristic in some 

level of the multi-graded resolution MGRes(s,  z, y, r,p, a). Then in the taut 

Makanin Razborov diagram of QRlim(s,  z, y, a) associated with those special- 

izations that are taut with respect to the closure Cl(Res)(s, z, y, a), the multi- 

graded resolution M G Res( s, z, y, r, p, a) can be replaced by finitely many multi- 

graded resolutions, each composed from two consecutive parts. The first part 

is a multi-graded resolution of QRlim(s,  z, y, a) with respect to the subgroups 

< P, R 2 , . . . , R ~ , Q I , . . . , Q r  >, which we denote 

MGRes(s ,  z, y, (r, p, Q1, �9 - �9 Qr), a). 

The second part is a one-step resolution that maps the rigid (solid) termi- 

nal multi-graded limit group of MGRes(s ,  z, y, (r, p, Q1, . . . ,  Qr), a) to the rigid 

(solid) terminal multi-graded limit group of the resolution M G Res( s,z, y, r, p, a). 

The two consecutive parts of the multi-graded resolution have the following 
properties: 

(1) The multi-graded decomposition corresponding to the second part of the 

resolution contains a vertex stabilized by the terminal rigid (solid) multi- 
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graded limit group of the resolution MGRes(s,  z, y, r, p, a) connected to r' 

surviving QH subgroups Q~I, . . . , Q~., for some r' <_ r and 1 _< il < " "  < 

ir, <r .  

(2) If  the terminal multi-graded limit group of the multi-graded resolution 

MGRes(s ,  z, y, (r,p, Q1, . . . ,  Qr), a) 

is rigid (solid), so is the terminal multi-graded limit group of the multi- 

graded resolution M G Res( s, z, y, r, p, a). Furthermore, if they are both 

solid, their abelian multi-graded decompositions are in correspondence, 

i.e., the decompositions differ only in the stabilizer of the vertices stabi- 

lized by the subgroups P and Rd's. These vertices are stabilized by the 

subgroups P and Rd'S and the subgroups Qi l , - . - ,  Qi,., in the first part, 

and by the subgroups P and Rd's in the second. 

Proof'. Identical to the proof of Theorem 1.7. II 

Since the resolution Res(y, a) is well-separated, the groups associated with 

the various connected components of the graph of groups O ~ that  contain non- 

QH, non-abelian vertex groups W1, . . . ,  W, are mapped to different factors of 

the second restricted limit group along the resolution Res(y, a), Rliml (y, a). In 

accordance with this free decomposition, the completed limit group 

Comp(Rlim)l  (z, y, a) admits a free decomposition 

Comp(Rlim)l  = P * R2 * . . .  * R~. 

Furthermore, for every taut  maximal rank homomorphism h: Rlim(y,a)  --+ 

Fk * F~k(RCs(y,~)) that  is taut  with respect to the resolution Res(y, a), and its 

associated homomorphism h: Comp( Rlirn ) ( z, y, a) --+ Fk * Frk( Rr ) , we have 

h(Rlim(y, a)) = ~t(Comp(Rlim)(z, y, a)) = ~t(Comp(Rlim)l (z, y, a)) * h(H 1) 

where H 1 is the free group freely generated by free groups "dropped" in the 

top level of the resolution Res(y, a) from the circumference of the various QH 

vertex groups and from abelian factors that  appear in this level. 

Let Tl(s, z, y, r,p, a) be the terminal rigid or solid multi-graded limit group 

of the multi-graded resolution MGRes(s , z , y , r ,p ,a ) .  To continue the analy- 

sis of the resolutions associated with the quotient limit group QRlim(s,  z, y, a), 

we need a "linkage" between the free decomposition of the completed limit 

group Comp(Rlim)1 (z, y, a) and the free decomposition of T1 (s, z, y, r, p, a), a 
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correspondence between (the ranks of) the free groups "dropped" along the 

top level of the resolution Res(y, a) and along the various levels of the multi- 

graded resolution MGRes(s ,  z, y, r, p, a), and a correspondence between the im- 

age h(Comp(Rl im)l (z ,y ,a) )  and the image hl(Tl(S ,z ,y ,r ,p ,a)) ,  where 

hi: Tl(S, z, y, r,p, a) -+ Fk * Frk(Rr is a rigid or solid homomorphism ob- 

tained (by shortening along the multi-graded resolution MGRes)  from a max- 

imal rank taut  homomorphism h: Rlim(y, a) --+ Fk * Frk(R~(y,a)) that  is taut  

with respect to both the closure Cl(Res)(s , z ,y ,a)  and for which the corre- 

sponding homomorphism h is taut  with respect to the multi-graded resolution 

MGRes(s ,  z, y, r, p, a). 

THEOREM 2.10: Let Tl(S, z, y, r,p, a) be the solid or rigid terminal limit group 

of the multi-graded resolution M G Res( s, z, y, r, p, a ), let 

h: Rlim(y, a) --+ Fk * F,.k(Res(y,a)) 

be a (general) homomorphism which is taut with respect to the resolution 

Res(y, a), let h: Comp( Rlim)(z,  y, a) -+ Fk * Frk(Res(y,~)) be the corresponding 

homomorphism of the completed limit group, and suppose the homomorphism 

factors through the closure Cl( Res)( s, z, y, a) and is taut and maximal rank 

with respect to the multi-graded resolution MGRes(s ,  z, y, r, p, a). Let 

hi: Tl(S ,z ,y , r ,p ,a)  ~ Fk * Frk(Res(y,a)) 

be a rigid or solid homomorphism obtained from the homomorphism h by the 

shortening procedure applied along the levels of the multi-graded resolution 

M G Res( s, z, y, r, p, a ). Then the multi-graded resolution M G Res( s, z, y, r, p, a) 

can be extended in finitely many ways, to give finitely many multi-graded res- 

olutions with respect to the subgroups P, R 2 , . . . , R , ,  which we still denote 

MGRes(s ,  z,y,  r,p, a), so that the terminal rigid or solid multi-graded limit 

group (which we still denote TI (s, z, y, r, p, a ) ) has the following properties: 

(i) The summation of the ranks of the free groups dropped along the various 

levels of the multi-graded resolution MGRes(s,  z, y, r, p, a) is identical to 

the rank of the free group dropped along the top level of the resolution 

Res(y, a). 

(ii) By our assumptions, the completed limit group Comp(Rlim)l  (Z, y, a) ad- 

mits the free decomposition Comp( Rlim)l  (z, y, a) = P . R 2 * . . . * R , .  Then 

the terminal solid or rigid multi-graded limit group Tl ( s, z, y, r, p, a) ad- 

mits a free decomposition T1 (s, z, y, r, p, a) = N1 * . . .  * N~, where P < N1 

and, for every d >_ 2, Rd can be conjugated into Nd. 
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(iii) hi (T1 (8, z, y, r, p, a)) = h(Comp(Rlim)l (z, y, a)) and, with the notation of 
part (ii), hi(N1) = ]~(P), and t:or every d >_ 2, hl (Nd)= [t(Rd). 

Proof'. Since the resolution Res(y, a) is well-separated, and since the homomor- 

phisms tt: Comp(Rlim)(z, y, a) -+ Fk * Frk(Res(U,a)) are all taut maximal rank 

homomorphisms with respect to the completed resolution Comp(Res)(z, y, a), 

the summation of the ranks of the free groups that are dropped along the levels 

of the multi-graded resolution MGRes(s,  z, y, r,p, a) is at most the rank of the 

free group dropped along the top level of the resolution Res(y, a). 
Let F be the free group which is the free product of the free factors dropped 

along the various levels of the multi-graded resolution MGRes(s , z ,y , r ,p ,a) ,  
and let ~'e: Rlim(y,a) --+ T l ( s , z , y , r ,p ,a )  * F be the natural map. As we have 

pointed out, the formulation and proof of Theorem 2.6 which are presented for 

the top level of the multi-graded resolution MGRes(s,  z ,y ,r ,p ,  a) hold for all 

its levels, and in particular for its terminal level. By part (iv) of Theorem 2.6 

applied to the terminal level of MGRes,  

Tl (S ,z ,y ,r ,p ,a)  * F = M * ~I 

where all the subgroups P, R2,. �9 �9 R~ can be conjugated into the factor M. Fur- 

thermore, let h: Rlim(y, a) --+ Fk * Frk(Res(y,a))  be a taut maximal rank homo- 
morphism with respect to the resolution Res(y, a), let/t: Comp(Rlim)(z, y, a) --+ 
Fk*Frk(Re~(v,a)) be the corresponding (completed) homomorphism, and suppose 

that h factors through the closure Cl(Res)(s, z, y, a) and the multi-graded res- 

olution MGRes(s , z ,y , r ,p ,a) .  Let hi: Tl(S ,z ,y ,r ,p ,a)  * F --+ Fk * Frk (Res (y ,a ) )  

be the homomorphism obtained from the homomorphism /~ by applying the 

shortening procedure along the various levels of the multi-graded resolution 

MGRes(s,  z, y, r,p, a). Then by successively applying part (vi) of Theorem 2.6, 

hl (Tl (s , z ,y , r ,p ,a)  * F) = Fk * Frk (nes (y ,a ) )  : hi(M) * hi (/:/) 

and hi maps the factor /4 isomorphically onto their image. Now, if the 

rank of the factor F is strictly smaller than the rank of the free group 

dropped along the top level of the resolution Res(y,a), then for every 

homomorphism hi: T1 ( s, z, y, r, p, a) -+ Fk * Frk( Res(y,a) ), the image admits a free 

decomposition of the form Fhl * < v >, where hi(P) < Fhl, and the subgroups 

hl (R2) , . . . , h l (Ru)  can all be conjugated into Fhl in the free group 

F k * Frk(Res(y,a))  , which contradicts our assumption that the homomorphisms 

hi: T l ( s , z ,y , r ,p ,a)  --~ Fk * F~k(Res(y,~)) are either rigid or solid multi-graded 
homomorphisms, and we get part (i) of the theorem. 
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By composing each taut  maximal rank homomorphism h: Rlim(y,a) --+ 
Fk * Frk(Ues(y,a)) with an automorphism of the free group Fk * Frk(Res(y,a)), 
w.l.o.g, we may assume that  the factors hi (M) , /~  are all fixed factors of the free 

group Fk * Frk(Res(y,a)), and similarly that  the factors hi (P),  hi (R2) . . . .  , hi (Ru) 

are all fixed factors of the free group Fk * F~k(Res(y,a)): B1, . . .  ,Bu. Let T be 

the Bass-Serre tree corresponding to the free decomposition B1 * . . -  * Bu. Nat- 

urally, with every homomorphism hi: Tl(S, z, y, r,p, a) ~ Fk * FRes(y,a)) we can 

associate an action Ahl: Tl(s ,z ,y ,r ,p,a)  • T --+ T. 

T1 (s, z, y, r, p, a) is constructed from a converging sequence of homomorphisms 

{hi(n):  T1 --+ B1 * .." * Bu}. This sequence of homomorphisms corresponds 

to a sequence of actions {)~hl(n)} of the group Tl(s ,z ,y ,r ,p ,a)  on the Bass- 

Serre tree T. Since the sequence of homomorphisms {hi(n)} converges into 

the subgroup T1 (s, z, y, r, p, a), a converging sequence of actions {,kh~ (am) } con- 

verges in the Gromov-Hausdorff  topology into a faithful action of the subgroup 

Tl(s ,z ,y ,r ,p ,a)  on some real tree Y. 

Since the resolution Res(y, a) is a well-separated resolution, and the homo- 

morphisms h: Rlim(y, a) -+ Fk * F~k(Res(v,a)) from which the multi-graded 

resolution MGRes(s ,z ,y , r ,p ,a)  are all taut  and maximal rank with respect 

to the resolution Res(y,a), and since by part  (i) the summation of the 

ranks of the free groups dropped along the levels of the multi-graded resolution 

MGRes(s,  z ,y,r ,p,a) is equivalent to the rank of the free group dropped in 

the top level of the resolution Res(y,a), Tl(S,z ,y,r ,p,a) does not admit a 

free decomposition in which the subgroups P, R 2 , . . . ,  R ,  can all be conjugated 

into one of the factors. Hence, if all the subgroups P, R2 , . . . ,  R ,  fix the same 

point in the real tree Y, the real tree Y is composed from finitely many or- 

bits of IET and axial components and finitely many orbits of segments with 

non-trivial (abelian) stabilizers. Therefore, we can successively apply the short- 

ening procedure for the action of T1 (s, z, y, r,p, a) on the real tree Y, and con- 

tinue the nmlti-graded resolution MGRes(s,  z, y, r,p, a) (canonically) in finitely 

many ways, until the action of each of the terminal multi-graded limit groups, 

which we still denote Tl(S,z,y,r ,p,a),  acts on a discrete tree T' ,  where the 

stabilizer of each edge in T t is trivial, and the subgroups P, R 2 , . . . , R ,  fix 

points in the discrete tree T ~. Hence, by standard Bass Serre theory, the multi- 

graded limit group Tl(s, z ,y,r ,p,  a) admits a free decomposition of the form 

T1 (s, z, y, r, p, a) = N1 * " "  * N, ,  levels of the multi-graded where P < N1 and, 

for every d _> 2, Rd < Nd, and by the construction of the limit discrete tree 

T r, for every homomorphism hi: rl (8, z, y, r,p, a) --+ Fk * frk(Res(y,a)) that  fac- 
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tors through the obtained multi-graded resolution M G R e s ( s , z , y , r , p , a )  and 

its corresponding homomorphism, ]z: Comp( Rl im ) ( z, y, a) -+ Fk * Frk( Res(y,a) ) : 

hi (T1 (s, z, y, r, p, a)) = ]z(Comp(Rlim)l (z, y, a)), hi (N1) = ]fiR), and for every 

d > 2, hl(Nd) = JZ(Rd), and we get parts (ii) and (iii) of the theorem. II 

Theorem 2.10 associates a free decomposition 

T l ( s , z , y , r , p , a )  = N1 * "" * N~ * F 

of the terminal rigid or solid limit group of the multi-graded resolution 

MGRes(s ,  z, y, r,p, a) with the free decomposition Comp(Rl im)l  (z, y, a) = 

P* R2 *'- �9 * R, .  However, the free decomposition associated with the restricted 

limit group Rl iml(y ,  a) along the resolution Res(y, a), hence the free decompo- 

sition of the completed limit group Comp(Rlim)l  (z, y, a) along the completed 

resolution Comp(Res)(z ,y ,a) ,  may be finer than the above free decomposi- 

tion. To continue the analysis of the resolutions of the quotient limit group 

QRlim(s ,  z, y, a) and their associated maximal rank taut  homomorphisms, we 

need to show that  the terminal multi-graded limit group T1 (s, z, y, r, p, a) admits 

a free decomposition compatible with the associated finer free decomposition of 

Rl iml  (y, a). 

PROPOSITION 2.11: Let R l iml (y ,a )  = L1 * ""  * Ls * F 1 * H 1 be the free 

decomposition associated with R l iml  (y, a) along the resolution Res (y, a), where 

F 1 is a free group, and H 1 is the free group generated by the free groups dropped 

in the top level of the resolution Res(y,  a), and let 

Comp(Rl im) l ( z , y ,a )  = LI * ' " *  Ls * F 1 

be the corresponding free decomposition of Comp(Rl im) l ( z , y ,a ) .  Let 

T1 (s, z, y, r, p, a) be the solid or rigid terminal limit group of the multi-graded 

resolution M G Res( s, z, y, r, p, a ) , let h: t t l im(y , a) ~ Fk * Frk( Res(~,~) ) be a (gen- 

eral) maximal rank homomorphism which is taut with respect to the resolution 

Res(y, a), let h: Comp(Rlim)(z ,  y, a) --+ Fk * Frk(Res(y,a)) be the corresponding 

homomorphism of the completed limit group, and suppose the homomorphism 

factors through the closure Cl (Res ) ( s , z , y ,a )  and is taut with respect to 

the multi-graded resolution MGRes(s ,  z, y, r, p, a). Let hi : T1 (s, z, y, r, p, a) 

Fk * Frk(Res(~,~)) be a rigid or solid homomorphism obtained from the homomor- 

phism h by the shortening procedure applied along the levels of the multi-graded 

resolution MGRes(s ,  z, y, r,p, a). 

Then the multi-graded resolution M G Res( s, z, y, r, p, a) can be extended in 

finitely many ways, to obtain finitely many multi-graded resolutions with respect 
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to the subgroups P, R 2 , . . . ,  R~, which we still denote MGRes ( s ,  z, y, r,p, a), so 

that the terminal rigid or solid multi-graded limit group of each of these multi- 

graded resolutions, which we still denote T1 (s, z, y, r, p, a ) , satisfies 

(1) T l ( s , z , y , r , p , a )  -- D1 * . . .  * Ds * F 1 where the natural map 

A: C o m p ( R l i m ) l ( z , y , a )  -9 T l ( S , z , y , r , p , a )  

maps the subgroup F 1 isomorphically, and each of the factors Lj  into the 

factor Dj.  

(2) For every index j ,  1 < j < s, h l (Dj )  = h(Lj) .  

Proof: The proof of Theorem 2.11 is basically identical to the proof of parts 

(ii) and (iii) of Theorem 2.10. By composing each taut  maximal rank homomor- 

phism h: Rl im(y ,  a) --+ Fk *Frk(RCs(y,a)) with an automorphism of the free group 

Fk * Frk(Rr w.l.o.g, we may assume that  the factors h i (L1 ) , . . . ,  hi (i-s) are 

all fixed factors of the free group Fk*Frk(Res(y,a)): B 1 , . . . ,  Bs in correspondence, 

and the generators of the free factor F 1 are mapped to fixed generators of the 

(target) free group Fk * Frk(R~(V,a)). Let B = B1 * " "  * Bs * F 1 , and let T be the 

Bass-Serre tree corresponding to the free decomposition B = B1 * . - .  * Bs * F 1 . 

Naturally, with every homomorphism hi: T1 (s, z, y, r, p, a) --4 Fk * FR~(y,a)) we 

can associate an action Ahl : Tl(S, z, y, r, p, a) • T --4 T. 

The subgroup Tl(S, z, y, r, p, a) is constructed from a converging sequence of 

homomorphisms {hi(n): Tl(s,  z, y, r,p, a) --+ B1 * . . .  * B8 * F1}. This sequence 

of homomorphisms corresponds to a sequence of actions {Ahl(~)} of the sub- 

group T1 (s, z, y, r,p, a) on the Bass-Serre tree T. Since the sequence of homo- 

morphisms {hi (n) } converges into the subgroup T1 (s, z, y, r, p, a), a converging 

sequence of actions {Ahl(~,,)} converges in the Gromov-Hausdorff topology into 

a faithful action of the factor 7"1 (s, z, y, r, p, a) on some real tree Y. 

Since the resolution Res(y,  a) is a well-separated resolution, and the homo- 

morphisms h: Rl im(y ,  a) -4 Fk * Frk(Rr from which the multi-graded reso- 

lution MGRes ( s ,  z, y, r,p, a) was constructed are all taut  and maximal rank 

with respect to the resolution Res(y ,a) ,  and since by part (i) of Theorem 

2.10 the summation of the ranks of the free groups dropped along the lev- 

els of the multi-graded resolution M G R e s ( s , z , y , r , p , a )  is equivalent to the 

rank of the free group dropped in the top level of the resolution Res(y ,a) ,  

the subgroup Tl(s,  z, y, r,p, a) does not admit a free decomposition in which 

the subgroups L ~ , . . . ,  Ls and F 1, which in particular generate the subgroups 

P, R 2 , . . . ,  R , ,  can all be conjugated into one of the factors. Hence, if all 

the subgroups ] - I , . . . ,L~  and F 1 fix the same point in the real tree Y, the 
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real tree Y is composed from finitely many orbits of IET and axial compo- 

nents and finitely many orbits of segments with non-trivial (abelian) stabi- 

lizers. Therefore, we can successively apply the shortening procedure for the 

action of Tl(S, z, y, r,p, a) on the real tree Y, and continue the multi-graded 

resolution MGRes ( s ,  z, y ,r ,p ,  a) (canonically) in finitely many ways, until the 

action of each of the terminal multi-graded limit groups, which we still de- 

note T l ( s , z , y , r , p , a ) ,  acts on a discrete tree T r, where the stabilizer of each 

edge in T' is trivial, and the subgroups A(L1), . . . ,A(Ls) and F 1 fix points 

in the discrete tree T ~. Hence, by standard Bass-Serre theory, the multi- 

graded limit group Tl(s,  z, y, r,p, a) admits a free decomposition of the form 

T l ( s , z , y , r , p , a )  = D1 * . . .  * b s  �9 F 1, levels of the multi-graded where for 

every index j ,  A(Lj) < Dj, and by the construction of the limit discrete tree 

T ~ for every homomorphism hi: T1 (s, z, y, r,p, a) ~ Fk * Frk(Res(y,a)) that  fac- 

tors through the obtained multi-graded resolution MGRes ( s ,  z , y , r ,p ,  a) and 

its corresponding homomorphism h: Comp(Rl im) ( z ,  y, a) --+ Fk * Frk(Res(y,a)), 

hl(Dy) = h(Lj) .  | 

In general, the restricted limit group Rl iml  (y, a) is associated with a free de- 

composition along the resolution Res(y,  a), a free decomposition of the form 

R l i m l ( y , a )  = L1 * ""  * L~ * F 1 * H 1. From this free decomposition, the 

completed limit group, C o m p ( R l i m ) l ( z , y , a ) ,  inherits a free decomposition 

Comp(Rl im) l  (z, y, a) = ]-1 * " ' *  ]-~* F 1 , where the canonical map "1: Rl iml (y ,  a) 

--+ C o m p ( R l i m ) l ( z , y , a )  maps each of the factors Lj into the corresponding 

factor Ly. ~-~rthermore, given any taut  maximal rank homomorphism 

h: Rl im(y ,  a) -~ Fk * Frk(Res(y,a)) 

that  is taut  with respect to the resolution Res(y,  a), and its corresponding (com- 

pleted) homomorphism h: Comp(R l im) (a , y ,a )  --+ Fk * Frk(Res(y,a)), 

s  (z, y, a)) = h(]-l) * ' " *  h(Ls) * F 1 , and we have even assumed 

(w.l.o.g.) that  for each factor Lj,  h(]~y) is a fixed factor of the free group 

Fk * Frk(Res(y,a)). 
Proposition 2.11 shows that  the terminal (rigid or solid) multi-graded limit 

group T1 (s, z, y, r, p, a) of the multi-graded resolution MGRes ( s ,  z, y, r, p, a) ad- 

mits a free decomposition T l ( S , z , y , r , p , a )  = D1 * . . .  * Ds * F 1 which is com- 

patible with the free decomposition of Comp(Rl im) l ( z ,  y, a), i.e., if 

)~: C o m p ( R l i m ) l ( z , y , a )  --+ T l ( s , z , y , r , p , a )  

is the natural map, then for every index j ,  1 _< j <_ s, ;~(Ly) < Dj. Furthermore, 

let h: Rlim(y ,  a) -+ Fk * Frk(Res(y,a)) be a taut  maximal rank homomorphism 
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with respect to the resolution Res(y, a), let 

h: Comp(Rlim)l(z, y, a) -+ Fk * F~k(R~s(y,a)) 

be the corresponding homomorphism, and suppose that the homomorphism 

is taut with respect to both the closure Cl(Res)(s, z, y, a) and the multi-graded 

resolution MGRes(s ,z ,y ,r ,p ,a) ,  and hi: Tl(S,Z,y,r,p,a) --+ Fk * F~k(Res(V,~)) 
is the rigid or solid homomorphism obtained from h by applying the short- 

ening procedure along the multi-graded resolution MGRes(s,  z, y, r,p, a); then 

ht(Dj) = ]~(I,y). 
The compatibility of the free decompositions of 

Rliml(y,a),  Comp(Rlim)l(z,y,a) and Tl(S,z ,y ,r ,p,a)  

proved in Proposition 2.11 enables one to analyze the factors Dj of the termi- 

nal rigid or solid multi-graded limit group T1 (s, z, y, r,p, a) in parallel, hence it 

reduces the continuation of the analysis of the resolutions associated with the 

quotient limit group QRlim(s ,z ,y ,  a) to the case in which the free decompo- 

sition associated with the restricted limit group Rliml(y, a) in the resolution 

Res(y, a) is the trivial one. This will be our assumption for the rest of this 

section. 

We continue the analysis of the collection of taut maximal rank homomor- 

phisms h: Cl(Res)(s, z, y, a) --+ Fk * F that factor through the multi-graded 

resolution MGRes(s,  z, y, r,p,a) as we did in the previous section for minimal 

rank resolutions, i.e., by sequentially reducing the subgroups P and Rd'S ac- 

cording to which we construct our multi-graded resolutions. 

Let z be a generating set for the entire completion, Cornp(Res)(z,y,a), let 

Zb~se be a subset of the generating set z that generate Comp(Res)l (z, y, a), and 

let Z~cb~sr be the subset of the generators z that generate Comp(Res)2(z, y, a), 
i.e., the subgroup of the completion associated with all its levels except the top 

two levels. 

With the second level of the well-separated resolution Res(y, a) we have as- 

sociated a graph of groups 0~. Let Wll , . . . ,  Wli be the fundamental groups of 

those connected components of O~ that contain a non-QH vertex group. Since 

the resolution Res(y, a) is well-separated, 

~l ( Rlimx (y, a) ) = Rlim2(y, a) = ~h (Wr ) * " ' *  ~h (W11) * 121 2 

where //2 is a free factor of H 2, and each factor ~11 (W~) is a free product of 

some (possibly none) of the factors R~, and a (possibly trivial) factor of the free 
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group F~k(2 ) . Since the resolution Res(y, a) is well-separated, it is in particular 

a well-structured resolution, so the free decomposition of Rlim2(y, a) is inher- 

ited by all the restricted limit groups that lie below Rlirn~(y, a) in the resolution 

Res(y, a) and, hence, by the part of the completed resolution Comp(Res)(z,  y, a) 

that contains all its levels except the two highest ones. Therefore, this (bot- 

tom) part of the completed limit group, Comp(Rlim)2(z ,y ,  a), admits the free 

decomposition Comp(Rl im)2(z ,y ,a)  = U1 * . . .  * U,I where ~/I(WJ) < Ud 

and Irk < U1. We will denote the z generators that lie in the factor Ud by 

Zscbase.d Since the homomorphisms in question are taut maximal rank ones, 

the subgroup < Z~base, a >< T1 (s, z, y, r,p, a) admits the free decomposition 
1 2 

Zscbase ,a  ~----~ Zscbase ,a  ~ * ~ Zscbase ~ * "" "* ~ Z t~l scbase ~"  

In the sequel we will set the subgroup p1 < Tl (S , z , y , r ,p ,a )  to be p1 = 
1 < Zscb~,a > and for each index d, 2 < d < #1, we set R 1 < Tl (S , z , y , r ,p ,a )  

d to be R 1 =<  Zscbase >. Following the construction of the taut Makanin- 
Razborov diagram (Proposition 2.5), we construct sequentially a taut multi- 

graded Makanin-Razborov diagram of the limit group TI (s, z, y, r, p, a) with re- 

spect to the subgroups p1 R 1, R 1 containing all the rigid or solid 
, . -  - ,  ,Lt  I , 

homomorphisms hi: Tl ( s , z , y , r ,p ,a )  --+ Fk * Frk(Res(y,a)) that are obtained 

by applying the shortening procedure Mong the multi-graded resolution 

M G Res( s, z, y, r, p, a) from homomorphisms 

]~: Comp(Rlirn)(s, z, y, a) --+ Fk * Frk(R~(~,~)) 

that correspond to a taut maximal rank homomorphism with respect to the res- 

olution Res(y, a), h: Rlim(y,  a) --+ Fk * Frk(Res(y,a)), SO that the homomorphism 

factors through both the closure Cl(Res)(s,  z, y, a) and the multi-graded res- 

olution M G R e s ( s , z , y , r , p , a ) .  We denote each of the obtained multi-graded 

resolutions in our sequential construction MGRes(s ,  z, y, r 1, p l  a). 

To analyze the complexity of the multi-graded resolution 

MGRes(s ,  z, y, r l ,p  1, a) 

we start with the top level multi-graded limit group 

Tl ( s , z , y , r , p ,a )  = Tl(S ,z ,y ,  r l ,p l ,a) .  

T1 (s, z, y, r 1, p l  a) admits a canonical free decomposition T1 (s, z, y, r 1, pl, a) = 

Do 1 * D~ * . . .  * D~(1) * F, where F is a free group, and the free decomposition is 

the most refined free decomposition in which A P  =< zlscb~se, a >< D 1 and each 
d of the subgroups R~ =< zseb~ > can be conjugated into one of the factors D~. 
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Let A~ be the multi-graded decomposition associated with the factor D~ with 
respect to the subgroups p1, R1, R1 

�9 " " '  ~ i "  

Naturally, there exist canonical maps 71: Rl iml(y ,  a) -+ Tl(s, z, y, r 1, pl, a) 

and AI: Comp(Rl im)l  (z, y, a) --+ T1 (s, z, y, r 1 , pl, a). The image 

A~ (Comp(Rlim)l  (z, y, a)) < T1 (s, z, y, r ~, pl a) 

admits a canonical free decomposition 

Al(Comp(Rl im) l ( z , y ,a ) )  = L~ �9 L~ , . . . ,  L1s(1), F, 

1 which is the most refined free decomposition in which A P  = <  Zscbase , a > <  L~ 
d and each of the subgroups R 1 =< Zscbase > can be conjugated into one of the 

factors L~. 

Rl iml  (y, a) was assumed freely indecomposable, so it admits an abelian JSJ 

decomposition. Let Q be a quadratically hanging subgroup in the JSJ decom- 

position of Rl iml (y ,a )  and let SQ be the corresponding (punctured) surface. 

The boundary elements of Q are mapped by ~-1 to non-trivial elements that  can 

be conjugated to vertex groups in the multi-graded decompositions associated 

with the various factors h~, A' �9 " '  ~(1)" 

THEOREM 2.12: Let ~(SO`) be a maximal (possibly trivial) collection of non- 

homotopic, non-boundary parallel s.c.c, on the surface SO,, so that each curve 

in the collection ~(SO,) is mapped to the triviM element in T l ( s , z , y ,  r l , p l ,a )  

by the map Tt. The collection ((SO,) separates SO, into (punctured) surfaces 
S~, . .  1 ., S~(1) with fundamental groups QI, . . . 1 , Qm(1) with the following prop- 
erties: 

(i) The fundamental group of each of the subsurfaces S 1 that is connected 

to a non-QH subgroup in the abelian JSJ  decomposition of R l iml  (y, a) 

is mapped by rl into a non-trivial subgroup of a conjugate of one of the 

factors D} ofT1 ( s, z, y, r 1 , pl a) that contains either the subgroup A P  1 or 

a conjugate of one of the subgroups Rid . Similarly, the fundamental group 

of S~ is mapped by A1 into a non-trivial subgroup of a conjugate of one 

of the factors L~ that contains either A P  1 or a conjugate of one of the 

subgroups R 1. 

(ii) Let S~ be a subsurface that is not connected to any non-QH vertex 

group in the abelian JSJ  decomposition of R l iml (y ,a ) ,  and let S~ be 

the closed surface obtained from S~ by adding disks to its boundary com- 

ponents. Given a rigid or solid homomorphism hi : T1 (s, z, y, r, p, a) --} 

F k * f r k ( R e s ( y , a ) )  that is obtained from a taut maximM rank homo- 
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(iii) 

morphism with respect to the resolution Res(y,a): h: Rlim(y,a)  -+ 

Fk * Frk(Res(y,~)) which is also taut with respect to the multi-graded reso- 

lution M G Res( s, z, y, r, p, a) by sequentially applying the shortening pro- 

cedure through the various levels of M G Res( s, z, y, r, p, a), the subgroup 

Q~ of Q inherits an hi-rank, rkhl (Q~), which is the rank of hi (Q 1) in 

the free group Fk * Frk(Res(y,a)). Then for all the homomorphisms h tha t  

are maximal rank and taut with respect to Res(y, a), and for which the 

corresponding homomorphism h: C l ( Res ) ( s, z, y, a) --+ Fk factors and is 

taut with respect to the multi-graded resolution MGRes(s ,  z, y, r, p, a), 

the ranks rk h (Q1) are equal and are the rank of a maximal free quotient 
of 

There exists a graded taut Makanin Razborov diagram of 

Tl(s,  z, y, r 1, p l  a) with respect to the parameter  subgroup < Zbase , a > 

containing the graded resolutions 

G Resl (s, z, y, Zbase, a ) , . . . ,  G Rese( s, z, y, Zb~se, a) 

that satisfy the following. Let c, 1 < c <_ re( l ) ,  be an index for which 

the punctured surface S~ is not connected to any non-QH vertex group 

in the abelian JSJ decomposition of Rl iml(y,a) .  Then the terminal 

rigid or solid limit group T l ( s , z , y ,  z b ~ , a )  of the graded resolution 

G Res j (s, z, y, Zbase , a) has the following properties: 

(1) For each index j, 1 < j < ~, let Aj: Comp(Rl im)l (z ,y ,a)  -~ 

TJ(s , z ,y ,  Zbas~,a) be the canonical map. Then Aj(Q 1) is contained 

in a factor in a free decomposition of TJ ( s, z, y, Zba~ , a) in which all 

the subgroups p1, R 1, . . . ,  R~I and all the subgroups Aj(Qc, c' ~ c, 

can be conjugated into other factors. 

(2) Let Slc~, �9 �9 Sic. be all the punctured surfaces that are not con- 

nected to any non-QH vertex groups in the abelian decomposition 

obtained from the given abelian decomposition of Rliml (y, a) after  

cutting the surfaces corresponding to its QH subgroups along their 

associated collections of s.c.c. Then for each index j, 1 <_ j <_ ~, 

T) (s, z, y, Zbase, a) admits the free decomposition 

T ) ( s , z , y ,  Zbase,a) = My *N1 * " "  * Nv *[-t 

where f t  is a free group, Nt is the trivial group if  Aj ( Q1 t ) is the trivial 

group, all the subgroups p1 R~,.. R 1 , ., ,~ can be conjugated into the 

factor My, and each of the subgroups Ay (Q1) can be conjugated into 

an associated factor N~. 
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(iv) Let Aj: C o m p ( R l i m ) l ( z , y , a )  --+ T l ( s , z , y , r l , p l , a ) ,  and let 

, 1 A j ( C o m p ( R l i m ) l ( z , y , a ) )  = L 1 * . . .  ns(1) * F 

be the maximal (most refined) free decomposition in which A P  1 < L 1 

and the subgroups R 1 can be conjugated into the various factors L~. 

Then there exists a maximal (most refined) free decomposition of 

TX(s , z ,y ,  r l , p l , a )  in which the subgroups A P  1 and Rid can be conju- 

gated into the various factors, in which up to reordering the factors in 

the free decomposition Aj (Comp(Rl im) l (Z ,  y, a)) = L 1 * . . . *  Lls(1) * F,  

each of the factors L~ can be conjugated into the i-th factor in the free 
decomposition of T 1 (s, z, y, r I , p l  a). 

Proof: The proof of part (i) is identical with the proof of part (ii) in Theorem 

2.6, and the proof of part (ii) is identical to the proof of part (iii) in Theorem 

2.6. To prove parts (iii) (iv), we use a similar construction to the one used in 

proving parts (iv)-(vi) of Theorem 2.6. 

Let S~1,... , S1  be the punctured surfaces separated by the collection of 

curves ~(SQ1),... ,~(SQ~) that  do not contain any boundary components of 

the ambient surfaces SQ1 , . . . ,  SQ.  Let 

AI: Comp(R l im) l  (z, y, a) -+ T1 (s, z, y, r, p, a) 

be the natural map, and let the fi'ee decomposition A ( C o m p ( R l i m ) l ( z , y , a ) )  

= L 1 * . . .  * Lls(1) * F be the maximal (most refined) free decomposition of 

)~ l (Comp(Rl im) l ( z ,y ,  a ) ) i n  which the subgroups A P  1 and R~ can be conju- 

gated into the various factors. Let L~, L 1 be the factors containing con- " ' ' '  q (1)  

jugates of at least one of the subgroups A P  1, R 1, R 1 Then for every ho- 

momorphism hi: T1 (s, z, y, r,p, a) --+ Fk * Frk(Res(y,a)) which is obtained from a 
taut  and maximal rank homomorphism with respect to the resolution Res(y,  a), 

h: Rl im(y ,  a) -+ Fk * Frk(Res(y,a)), 

hi (T1 (s, z, y, r, p, a)) = [ t (Comp(Rlim)l  (z, y, a)) 

= F * hi(QlCl) * ' "  * hl(Qlc~ ,) * hi(i-I) 

where / : / i s  a free group, and F and hi (/~) are some free factors of the image 

free group Fk * Frk(Res). 

By composing each taut  maximal rank homomorphism 

h: Rl im(y ,  a) --+ Fk * Frk(Res(y,a)) 
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with an automorphism of the free group Fk * F~k(nes(y,~)), w.l.o.g, we may 

assume that  the factors F, hi (Qlcl), . . . ,  hl(Qlc,,), hl(-f-I) are all fixed factors of 

the free group Fk * Frk(Res(y,a)): F, B1 , . . .  , By, F. Let T be the Bass Serre tree 

corresponding to the free decomposition V = C1 * . . .  * Cq(1) * B1 * . . .  * By * F. 
Naturally, with every homomorphism hi: T1 (s, z, y, r, p, a) --+ V we can associate 

an action OLhl: Tl (S , z , y , r , p , a )  x T -+ T. 

Now, the multi-graded limit group Tl(S, z, y, r,p, a) is constructed from a 

converging sequence of homomorphisms {(hl)~: T1 (s, z, y, r ,p,  a) --+ V}. This 

sequence of homomorphisms corresponds to a sequence of actions {C~(hl),~ } of 

the rigid or solid limit group Tl(S, z, y, r,p, a) on the Bass-Serre tree T. Since 

the sequence of homomorphisms {(hl)~} converges into the (rigid or solid) limit 

group T1 (s, z, y, r, p, a), a converging sequence of actions {a(hl) ...... } converges in 

the Gromov-Hausdorff  topology into a faithful action of the multi-graded limit 

group T] (s, z, y, r,p, a) on some real tree Y. 

Since we have assumed that  the factors F, hi (Qcl~),..., hi (Q1) ,  ~ are all fixed 

factors of the free group Fk*F~k(Res(y,~)), and these fixed free factors fix points in 

the Bass-Serre tree T, every converging sequence of actions {a(hlb,., } converges 

into a faithful action of the multi-graded limit group T1 (s, z, y, r, p, a) on a real 

tree Y, in which the subgroups Qlc~,... , Qlc~ ' all fix points in Y. 

Since the resolution Res(y,  a) is a well-separated resolution, and the homo- 

morphisms h: Rlim(y ,  a) --+ Fk * F,.k(nes(y,a)) from which the multi-graded reso- 

lution MGRes( s ,  z, y, r,p, a) is constructed are all taut  and maximal rank with 

respect to the resolution Res(y,  a), and since by part (i) of Theorem 2.10 the 

summation of the ranks of the free groups dropped along the levels of the multi- 

graded resolution M G R e s ( s , z , y , r , p , a )  is equivalent to the rank of the free 

group dropped in the top level of the resolution Res(y,  a), T1 (s, z, y, r,p, a) does 

not admit a free decomposition in which the subgroup Comp(Rl im) l  (z, y, a) is 

a subgroup of one of the factors. Hence, if the subgroup Comp(Rt im) l (Z ,  y, a) 
fixes a point in the real tree Y, the real tree Y is composed from finitely many or- 

bits of IET and axial components and finitely many orbits of segments with non- 

trivial (abelian) stabilizers. Therefore, we can successively apply the shortening 

procedure for the action of T1 (s, z, y, r,p, a) on the real tree Y, and continue 

the multi-graded resolution MGRes(s ,  z, y, r, p, a) (canonically) in finitely many 

ways, until the action of each of the terminal multi-graded limit groups, which 

we still denote T1 (s, z, y, r,p, a), acts on a discrete tree T ~, where the stabilizer 

of each edge in T'  is trivial, and the subgroups Q~ , , . . . ,  Q1, fix points in the dis- 

crete tree Tq Hence, by standard Bass-Serre theory, each of the terminal multi- 
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graded limit groups of the multi-graded resolutions M G R e s j  (s, z, y, r, p, a), that  

we denote ir~ (s, z, y, r, p, a), admits a free decomposition of the form 

= M j  * X ,  * . . .  * X v  * H 

where Nt is the trivial group if •j (Q~) is the trivial group, and all the subgroups 

p 1  R~ , . . . ,  R 1, can be conjugated into the factor Mj; and we finally get parts 

(iii) and (iv) of the theorem. | 

We will continue constructing the multi-graded resolutions of QRlim(s ,  z, y, a) 
with each of the resolutions G R e s j ( s , z , y ,  zbase,a) in parallel, so in the se- 

quel we will denote the multi-graded resolution with which we continue by 

GRes(s,  z, y, Zbasr a) = MGRes( s ,  z, y, r l , p  1, a), omitting the index. Similarly, 

we will denote the terminal rigid or solid limit group of GRes(s,  z, y, Zba~r a) 
by T 1 (s, z, y, Zba~e, a). 

Clearly, there exists a canonical map rl : Rlirnl (y, a) --+ T 1 (s, z, y, zba~e, a). 
If for some Q H  subgroup (2 in the cyclic decomposition of Rlirnl(y,a) ,  the 

decomposition ff(SQ) can be refined, we apply Theorem 2.12 starting with the 

multi-graded limit group T 1 (s, z, y, zb~sr a) and the further refined decompo- 

sitions of the QH subgroups Q1 . . . .  ,Qs in the abelian JSJ decomposition of 

Rlirnl (y, a). Hence, by repeatedly applying Theorem 2.12 we can assume that  

T l ( s , z , y ,  Zbase, a) = T l ( s , z , y , r l , p l , a )  = D~ * . . .  * D~(1) * F 

is the most refined free decomposition of T l (s, z, y, r 1, pl, a) in which A P  1 < D~, 

R~, . . . ,  R 1,~ can be conjugated into the various factors D}, and the decomposi- 

tions ~(SQ~ ) corresponding to the QH subgroups Q1, . - . ,  Q~ in the abelian JSJ 
decomposition of Rl iml  (y, a) and the map T: Rlirnl (y, a) --+ T l(s, z, y, r 1, pl, a) 
cannot be further refined. Each of the factors D 1 admits a multi-graded abelian 

decomposition which we denote Aj. 

At this point we can apply the relevant part of the argument used in the 

minimal rank case, for analyzing the complexity of the graded resolution 

MGRes(s ,  z, y, r l , p  1, a). If the image of a QH subgroup Q~ of some QH sub- 

group Qt in the abelian JSJ decomposition of Rlirnl (y, a) is in the factor D~, 

i.e., ~ 1 1 1 (possibly trivial) decomposition from the T (Qi) < D j,  then Qi inherits a 

multi-graded abelian JSJ decomposition Aj of D 1. This decomposition corre- 

sponds to a decomposition of the surface S 1 , corresponding to the QH subgroup 

Q~, along a (possibly trivial) collection of disjoint non-homotopic s.c.c, which 

we denote P~ (S]). Note that  by construction every s.c.c, from the defining col- 

lection of F~ (S~) is mapped by r~ to either a trivial or an elliptic element in the 

abelian JSJ decomposition of D}. 
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LEMMA 2.13: Let QI be a quadratically hanging subgroup in the multi-graded 
abelian J S J  decomposition of a factor D 1 of T 1 (s, z, y, rX~ pX a). Suppose that 

can be conjugated into a factor but cannot be conjugated 

into the fundamental group of a subgraph of the multi-graded decomposition 
Aj that does not contain the vertex stabilized by Q'. Then some subsurface of 

S) is mapped into a finite index subgroup of Q', genus(S') <_ genus(S~) and 

I (S')l _< 

Proof: Let S~ be the surface obtained from the surface S~ by adding disks to 

those boundary components of S~ which are mapped to the identity by the map 

TI. Let Qt be the ambient QH subgroup in the abelian JSJ decomposition of 

Rliml (y, a) that contains Q~. Since by our assumptions the collection of curves 

((SQ~) is a maximal collection, no s.c.c, on the surface S~ is mapped to the 

identity by the homomorphism T1, and by the construction of the decomposition 

F(S~) all the boundary elements of the surface S~ are mapped to non-trivial 

elliptic elements in the decomposition Aj. With these properties of the image 

of the surface S~ under the map T1, the proof of the lemma is identical with the 

proof of Lemma 2.7. | 

If Q' is a QH subgroup that appears along the multi-graded resolution 

MGRes(s, z, y, rl ,p 1 , a) so that no subsurface of a QH subgroup in the abelian 

JSJ decomposition of Rliral(y, a) is mapped non-trivially into Q', then we can 
bound the genus and Euler characteristic of the QH subgroup Q' in terms of the 

genus and Euler characteristic of some QH subgroup in the abelian JSJ decom- 

position of Rlim(y,a). Clearly, there exists a canonical map TO: Rlim(y,a) --+ 
T l ( s , z , y , r l ,p l ,a ) .  

LEMMA 2.14: Let Q' be a quadratically hanging subgroup in the multi-graded 
abelian J S J  decomposition of a factor DJ of T 1 (s, z, y, r 1, pl, a) with corre- 

sponding surface S', and suppose that no subsurface of a QH subgroup Q in 

the cyclic JSJ decomposition of Rliml (y, a) is mapped non-trivially into a finite 

index subgroup of a conjugate of Q' by the map T1. 

Then there exists some QH subgroup Q in the cyclic JSJ decomposition 
of Rlim(y, a) with a corresponding surface SQ such that Q is not a surviving 

surface, and a subsurface S~ of SQ such that To (~rl (S~)) is a finite index subgroup 
of Q'. In particular, genus( S') <_ genus( S 1) and Ix(S')I _< I (sl)l. In addition, 

either genus(S') < genus(S@ or [)~(S')[ < Ix(So) I. 

Proo~ Let Aj be the multi-graded abelian decomposition of the factor D~. By 

the assumptions of the lemma, Q' is a QH subgroup in the graph of groups 
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Aj. By assumption, no subsurface of any QH subgroup Q in the abelian JSJ 

decomposition of Rlirnl (y, a) is mapped into a finite index subgroup of Q/. Since 

the resolution MGRes and the abelian decomposition Aj are multi-graded, each 

of the subgroups p 1  R1, . . . ,  R~ 1 that is mapped by the homomorphism T1 into 

a conjugate of the factor DJ, is mapped into a conjugate of a non-QH, non- 

abelian vertex group in Aj. In addition, by part (iv) of Theorem 2.12, if there is 

a subgroup p1, R~,. R 1 that is mapped by rl into a conjugate of the factor 

D 1, then all the subgroups p1, R~, . . . ,  Rll that are mapped into conjugates 

of the factor D 1 are mapped into conjugates of the fundamental group of a 

connected subgraph of Aj that does not contain the vertex stabilized by the 

QH subgroup Qr. 

If none of the subgroups p1, R1, " �9 �9 RI,1 is mapped into the factor D 1, then 

by part (iv) of Theorem 2.12, there exists some subgroup Q~, which is the 

fundamental group of a connected subsurface in the decomposition ~(So~ ) cor- 

responding to a QH subgroup Qi in the cyclic JSJ decomposition of Rliml (y, a), 

such that the surface corresponding to Q~ in ~(SQ~), SQI, contains no bound- 

ary component of SQ,, and Wl(Qc 1) < D]. By Lemma 2.13, the subgroup Q~ is 

mapped into a conjugate of the fundamental group of a connected subgraph of 

Aj that does not contain the vertex stabilized by Q~. 

In both cases the multi-graded limit group T 1 (s, z, y, r l, pl, a) admits a graph 

of groups A, obtained from collapsing a connected subgraph of Aj and the 

given free decomposition of T l(s, z, y, r 1, p l  a), such that the QH subgroup Q~ 

is a vertex group in A, and the homomorphism rl maps the entire limit group 

Rliml (y, a) into a conjugate of a vertex group in A, which is not the vertex 

stabilized by the QH subgroup Q~. Therefore, by Lemma 2.7 there must exist 

a subgroup of a non-surviving QH subgroup Q in the cyclic JSJ decompo- 

sition of Rlim(y,a) that is mapped by the homomorphism To: Rlim(y,a) --+ 
T 1 (s, z, y, r 1 , pl, a) into a finite index subgroup in a conjugate of Q~. In particu- 

lar, if SQ is the surface corresponding to the QH subgroup Q, then genus(S ~) < 
genus(SQ) and I~c(S')l_ I~(SQ)I. 

The homomorphisms hi: Tl(s, z ,y,r,p,a) -+ Fk * Frk(Res(y,a)) used to con- 

struct the limit group T l (s, z, y, rl ,p 1, a) are assumed rigid (or solid) with re- 

spect to the subgroups P, R 2 , . . . , R , .  Since Q is not a surviving QH sub- 

group, if genus(S') = genus(So) and I~(S')l = r~(SQ)I then the homomor- 

phisms hi: Tl(s ,z ,y ,r ,p,a)  ~ Fk * F~k(Res(y,a)) used to construct the limit 

group Tt(s, z, y, r l ,p 1, a) are all flexible multi-graded homomorphisms of the 

rigid or solid limit group T1 (s, z, y, r, p, a), a contradiction. Hence, genus(S ~) < 
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genus(SQ) and IX(S')[ < [X(SQ)[, and the lemma follows. | 

We continue the construction and the analysis of the next levels of the 

multi-graded resolution MGRes(s ,z ,y ,  rl ,pl ,a) in the same way we have 

constructed and analyzed the first level. At each step we first construct a 

"maximal" multi-graded free decomposition of the multi-graded limit group 

MGlimj(s,  z, y, r l ,p  1, a) in question by repeated applications of Theorem 2.12 

and then apply the (multi-graded) shortening procedure for each of the factors. 

Clearly, Theorem 2.12 and Lemmas 2.13 and 2.14 remain valid for the next lev- 

els of the multi-graded resolution MGRes(s, z, y, r 1, pl, a). After finitely many 

steps we are left with either a rigid or solid multi-graded limit group with respect 

to the subgroups p 1  R~, . . . ,  Rll .  Like in the minimal rank case, to analyze the 

multi-graded resolution MGRes(s, z, y, r 1,pl, a) we need to look at surviving 

surfaces. 

Definition 2.15: Let Q be a quadratically hanging subgroup in the JSJ decom- 

position of Rliml (y, a) and let S be its corresponding (punctured) surface. The 

QH subgroup Q (and the corresponding surface S) is called surviving if along 

the multi-graded resolution MGRes(s, z, y, r 1, pl, a) there exists some quadrat- 

ically hanging subgroup Q' in the multi-graded abelian JSJ decomposition of 

a factor of one of the multi-graded limit groups MGlimj (s, z, y, r 1, pl, a), with 

corresponding surface S', so that Tj: Rliml(y, a) --+ MGlimy(s, z, y, r 1 ,p l  a) 

maps Q non-trivially into Q', genus(S') = genus(S) and x(S') = X(S). 

By definition, if Q is a non-surviving QH subgroup in the JSJ decomposition 

of Rliml(y,  a), then every QH subgroup Q~ in any level of the multi-graded 

resolution MGRcs(s, z, y, r 1, pl, a) into which a subsurface of Q is mapped non- 

trivially has either a strictly lower genus or a strictly smaller Euler characteristic 

than that of the QH subgroup Q. This would eventually "force" the complexity 

of the multi-graded resolution MGRes(s, z, y, r 1, pl, a) to be smaller than that 

of the resolution Res(y, a) if one is able to "isolate" the surviving surfaces. 

THEOREM 2.16: Let Q1,. . . ,Q~ be the surviving QH subgroups in the JSJ 

decomposition of Rliml(y,a),  i.e., those QH vertex groups that are mapped 
non-trivially into QH subgroups of the same genus and Euler characteristic 

in some level of the multi-graded resolution MGRes(s ,z ,y ,  rl,pl,a). Then 

in the taut Makanin-Razborov diagram of QRlim(s, z,y, a) associated with 
those specializations that are taut with respect to the closure C1 ( Res)(s, z, y, a), 

the multi-graded resolution M G Rcs( s, z, y, r 1 ,pl, a) can be replaced by finitely 
many multi-graded resolutions, each composed from two consecutive parts. The 
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first part is a multi-graded resolution of QRlim(s ,  z, y, a) with respect to the 

p1 R 1 �9 R 1 , Q1 .. Q~. >, which we denote subgroups < , 2,. .  , ~1 , ", 

MGRes(s ,  z, y, (r l ,p  1, Q1,. . . , Q~), a). 

The second part is a one-step resolution that maps the rigid (solid) 

terminal multi-graded fimit group of MGRes(s ,  z, y, (r l ,p  1, Q1 , . . . ,  Qr), a) 

to the rigid (solid) terminal multi-graded limit group of the resolution 

MGRes(s ,  z, y, r 1 ,p l  a). The two consecutive parts of the multi-graded res- 

olution have the following properties: 

(1) The multi-graded decomposition corresponding to the second part of the 

resolution contains vertices stabilized by the terminal rigid (solid) multi- 

graded limit group of the resolution M G Res(s, z, y, r I, pl, a) connected to 

r' surviving QH subgroups Q i , , . . . , Q i , ,  for some r' <_ r and 1 <_ iz < 

" " < i r ' _ < r -  

(2) I f  the terminal m,dti-graded limit group of the multi-graded resolution 

MGRes(s ,  z, y, (r 1, pl, Q1, . . . , Q~), a) 

is rigid (solid), so is the terminal multi-graded limit group of the multi- 

graded resolution MGRes(s ,  z, y, r 1 , pl, a). Fbrthermore, if they are both 

solid, their abefian multi-graded decompositions are in correspondence, 

i.e., the decomposition differs only in the stabilizer of the vertices stabi- 

lized by the subgroups P and R~'s. These vertices are stabifized by the 

subgroups p1 and R~ 's and the subgroups Q i l , . . . ,  Qi,., in the first part ,  

and by the subgroups p1 and R l ' s  in the second. 

Proof: Identical to the proof of Theorem 1.7. II 

Since the resolution Res(y ,a)  is well-separated, the fundamental groups of 

the various connected components of the graph of groups O l : Wll,. W t are 
�9 " ~ ~ 1  

mapped to different factors in the given free factorization of the third restricted 

limit group along the resolution Res(y, a), Rlim2(y, a). In accordance with this 

free decomposition, the completed limit group Corr~p(Rlim)2(z, y, a) admits a 

free decomposition Comp(Rlim)2 = p 1 ,  R~ * . . .  * R~I. Furthermore, for every 

taut  maximal rank homomorphism h: Rlim(y ,  a) --+ Fk * Frk(Res(y,a)), which is 

taut  with respect to the resolution Res(y, a), and its associated homomorphism 

]z: Cornp(Rlim)(z,  y,a) ~ Fk * F~k(Re~(y,a)), we have 

h(Rl im(y,  a)) = ]z(Comp(Rlim)(z, y, a)) = h(Comp(Rl im)l  (z, y, a)) * h(H 1) 

= h(Comp(Rlim)2(z,  y, a)) * h(H 2) 
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where H 1 is the free group freely generated by free groups "dropped" in the top 

level and H 2 is the free group freely generated by free groups "dropped" in the 

first and second levels of the resolution Res(y,  a) from the circumference of the 

various Q H  vertex groups and from abelian factors that  appear in these levels. 

Let T.2 (s, z, y ,  r I , pl, a) be the terminal rigid or solid multi-graded limit group 

of the multi-graded resolution MGRes ( s ,  z, y, r 1, pl, a). To continue the analysis 

of the resolutions associated with the quotient limit group Q R l i m ( s , z , y ,  a), 

we need a "linkage" between the free decomposition of the completed limit 

group Comp(Rl im)~ (z, y, a) and the free decomposition of T2 (s, z, y, r 1, pl, a), 

a correspondence between (the ranks of) the free groups "dropped" along the 

second level of the resolution Res(y,  a) and along the various levels of the multi- 

graded resolution MGRes ( s ,  z, y, r 1,pI, a), and a correspondence between the 

image ]~(Comp(Rlim)2 (z, y, a)) and the image h2 (T2 (s, z, y, r ~, pl, a)), where 

h.2: T2(s , z ,y ,  r l , p l , a )  --+ Fk * Frk(Res(y,a)) is a rigid or solid shortening of a 

maximal rank taut  homomorphism h: Rlim(y ,  a) ~ Fk * F~k(Res(y,a)) which is 

taut  with respect to both the closure Cl(Res)(s ,  z, y, a) and the multi-graded 

resolution MGRes ( s ,  z, y, r 1, pl, a). 

THEOREM 2.17: Let T 2 ( s , z , y , r l , p l , a )  be the solid or rigid terminal limit 

group of the multi-graded resolution M G Res(  s, z, y, r 1 , pl a), let h: Rl im(y,a)  

Fk * F~k( Res(v,~) ) be a homomorphism which is taut with respect to the resolution 

Res(y,  a ), let h: Comp( R l im  ) ( z, y, a) --+ Fk * Frk( Res(v,a! ) be the corresponding 

homomorphism of the completed limit group, and suppose the homomorphism 

factors through the closure Cl(Res)(s ,  z ,y ,  a) and is taut with respect to the 

multi-graded resolution M G Rcs(  s, z, y, r 1, p~ , a ) . Let h2 : T2 ( S, z, y, r 1 , pl, a) 

Fk * F~k(Res(v,~)) be a rigid or solid homomorphism obtained from the homo- 

morphism h by t h e  shortening procedure applied along the levels of the multi- 

graded res.olutJon M G Res(  s, z, y, r 1, pl , a ). Then the multi-graded resolution 

MGRes ( s ,  z, y, r 1, ,:pl, a) can be extended in finitely many ways to give finitely 

many multi-graded resolutions with respect to the subgroups px R~, . . . ,  R l l ,  

which we still denote MGRes ( s ,  z, y, r 1 , pl, a), so that the terminal rigid or solid 

multi-graded limit group T2 (s, z, y, r I , pX a) of each of these multi-graded reso- 

lutions, which we still denote T2 (s, z, y, r 1, pl, a), has the following properties: 

(i) The summation of the ranks of  the free groups dropped along the various 

levels of the multi-graded resolution M G Res(  s, z, y, r 1 , pl , a) is identical 

to the summations of the ranks of the free groups dropped along the top 

two levels of the resolution Res(y,  a). 
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(ii) 

(iii) 

(iv) 

By  our assumptions, the completed limit group 

Comp( Rlira)2 (z, y, a) 

admits the free decomposition Comp( Rlira)2(z, y, a) = p 1 .  R1 . . . . .  R l l .  

Then the terminal solid or rigid multi-graded limit group 

T2 (s, z, y, r 1,pl, a) 

admits a free decomposition T2(s , z ,y ,  r l , p l , a )  = N1 * . . .  * N, I  where 

P < N1 and, for every d >_ 27 Rd can be conjugated into Nd. 

h2(T2(s, z, y, r 1,pl, a)) = ]~(Comp(Rlim)2(z, y, a)) and with the notation 

of part Oi), h2(Nt) = ~(p1), and for every d _> 2, h2(Ne) = h(R~). 

The limit group R l iml  (y, a) admits a natural map into each multi-graded 

limit group Mong the multi-graded resolution M G Res( s, z, y, r 1,pl, a). 

Given the map rl : Rl iml  (y, a) ~ T2 (s, z, y, r 1, pl, a), the image of ev- 

ery Q H  subgroup Q in the second level of the resolution Res(y,  a) under 

the map T1 admits a (possibly trivial) free decomposition from the free de- 

composition T2 (s, z, y, r I , p l  a) = N1 *' '"  * N~I .  Let S be the (punctured) 

surface corresponding to Q, and let F(S) be the decomposition of the sur- 

face S corresponding to the free decomposition of vl (Q). Let S1 , . . . ,  Sm 

be the punctured subsurfaces of S in the decomposition F(S) that contain 

a boundary component of S, let S = S \ (S1 U . . .  U Sin), and let S' be the 

closed surface obtained from S by adding disks to its boundary compo- 

nents. Then the rank h(S) is identical for all the homomorphisms ]~ that 

factor through the muM-graded resolution M G Res(  s, z, y, pl , rl a ). 

Proof." Identical to the proof of Theorem 2.10. | 

We continue the analysis of the limit group QRlim(s ,  z, y, a) by successively 

reducing the subgroups that  are used for the construction of the multi-graded 

resolutions sequentially. Recall that  in order to obtain the multi-graded res- 

olution MGRes ( s ,  z, y, r 1, pl, a), we first used the subgroups P, R 2 , . . . ,  R ,  for 

constructing a multi-graded resolution, where 

C o m p ( R l i m ) l ( z , y , a )  -- P * R2 * . . .  * R ,  

and for the connected component Wd of the graph of groups 0 ~ ~o(W1) = P, 

and for d > 2, l ]o(Wd) = R d. Then we used the subgroups p1 R1 R 1 for 
- -  ' 2 ~ ' ' ' ~  ~Z 1 

constructing a multi-graded resolution, where 

Comp(Rl im)2(z ,  y, a) = p l  , 1~1 , . . .  , R l l  
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and for the connected component W~ of the graph of groups (91, ~1 (W1) : p1, 

and for d _> 2, ~I(W~) = R~. To continue the analysis of the resolutions limit 
group QRlim(s,z ,y ,a) ,  we set the subgroups pC-1 R { - 1 .  R e-1 to be the 

factors in the free decomposition 

Comp(Rlim)e(z, y, a) = pC-1 . R~-I . . . . .  Re-1 
- v ~ g _  1 ' 

where for the connected components Wd e-1 of the graphs of groups | -1 asso- 

ciated with Rlime_l(y,a), ,le_l(We, -*) = pC-l, and for d _> 2, Ue_I(W~ -1) = 
R~ -1 The subgroups p e - l , R ~ - I  . Re-1 �9 '" , ,e-1 are used in the g t h  part of our 

sequential construction of multi-graded resolutions. 

Let T2(s,z,y, rl ,pl ,a) be the terminal rigid or solid graded limit group 

in the multi-graded resolution MGRes(s ,z ,y ,  rl ,pl,a),  which is multi- 

graded with respect to the subgroups p1 R], .  R 1 We continue the multi- 
� 9  ~z I �9 

graded resolution MGRes(s ,z ,y ,  rl ,pl,a) by viewing T2(s,z,y, rl ,pl ,a) 
as a multi-graded limit group with respect to the subgroups p2, R12,..., R~,2 and 

continue with the procedure used to construct the second part of the multi- 

graded resolution MGRes(s, z, y, r 1, pl, a) to obtain a multi-graded resolution 

MGRes(s,  z,y, r2,p 2, a). We further continue with the rigid or solid terminal 

limit group T3(s,z,y, r2,p2,a) by viewing it as a multi-graded limit group 

with respect to the subgroups p3, R3 , . . . ,  R3a, and so on, until we exclude 

all the z variables appearing in the different levels of the completed resolution 

Comp(Res)(z,y,a). Note that  the final resolution we obtain is an ungraded 

resolution of the limit group QRlim(s, z, y, a), or of some quotient of it. Also, 

note that  the procedure described produces (canonically) finitely many such 

resolutions of the quotient limit group QRlim(s, z,y,a). We will denote an 

(ungraded) resolution obtained by our procedure QRes(s, z, y, a), and call it a 

q u o t i e n t  r e so lu t ion  of the quotient limit group QRlim(s, z, y, a). 

PROPOSITION 2.18: Each of the obtained quotient resolutions, QRes(s, z, y, a), 

is a well-separated resolution. Furthermore, if h: Rlim(y, a) --+ Fk * frk( Res(y,a) ) 
is a taut maximal rank homomorphism with respect to the resolution Res(y, a), 
and its corresponding (completed) homomorphism, ]z: Comp( Rlim)(z, y, a) --+ 
Fk * Frk( Re,(y,a) ), factors through the closure Cl( Res)( s, z, y, a), then ]z is a taut 

maxima/rank homomorphism with respect to at/east one of the well-separated 
(quotient) resolutions QRes(s, z, y, a) constructed by our procedure. 

Proof: By construction, a quotient resolution QRes(s,z ,y,a)  is a strict 

resolution. Theorems 2.6, 2.12 and 2.17 guarantee that  it is also a well- 
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separated resolution. The quotient resolutions QRes(s, z, y, a) were constructed 

from the entire collection of (completed) taut  maximal rank homomorphisms 

h: Comp(Rlim)(z,y,a) --+ Fk * F~.k(R~s(y,a)) that  factor through the closure 

Cl(Res)(s, z,y, a) and the quotient limit group QRlim(s, z, y, a), hence ev- 

ery such (completed) taut  maximal rank homomorphism it is a taut  maximal 

rank homomorphism with respect to at least one of the quotient resolutions 

QRes(s, z, y, a). | 

To analyze taut  maximal rank homomorphisms, we define the complexity of 

a resolution in the same way we have defined it in the minimal rank case (Deft- 

nition 1.14). In order to ensure the termination of the iterative procedure pre- 

sented in the next sections, we need the complexities of the resolutions obtained 

in its different steps to decrease. Indeed, the complexity of the (well-separated) 

resolutions QRes(s, z, y, a) obtained through our procedure for analyzing taut  

maximal rank homoraorphisms is strictly smaller than the complexity of the 

resolution Res(y, a) we started with. 

THEOREM 2.19: The complexity of a quotient resolution QRes(s,z ,y ,a)  is 
strictly smaller than the complexity of the (original) resolution Res(y, a), i.e., 

Cmplx(QRes(s, z, y, a)) < Cmplx(Res(y, a)). 

Proof: Let QI be a QH subgroup that appears in an abelian decomposition 

associated with one of the levels of the quotient resolution QRes(s, z, y, a), and 

let S' be its associated punctured surface. By Lemmas 2.7, 2.13 and 2.14, 

there exists some QH subgroup Q with associated punctured surface S that  

appears in an abelian JSJ decomposition associated with one of the levels of the 

original resolution Res(y, a), so that  the fundamental group of a subsurface of 

S is mapped into a finite index subgroup of S I and, in particular, genus(S ~) ~_ 
genus(S) and IX(S')I <_ I~(S)I. Furthermore, if genus(S') = genus(S) and 

Ix(SI)I = Ix(S)I then Q is by definition a surviving surface, so by Theorems 2.9 

and 2.16 the QH subgroup Q is mapped isomorphically onto Q~, Q is mapped 

into a non-abelian, non-QH vertex group in all levels above the one in which Q/ 

appears, and in all the levels below the one containing Q~, Q is identified with 

its image in the completed resolution Comp(Res)(z, y, a). 
Hence, for any surviving QH subgroup Q with associated punctured surface 

S, there corresponds a unique QH subgroup Q~ in the resolution QRes(s, z, y, a) 
with associated punctured surface S ~, so that  S is homeomorphic to S ~. If Q~ 

is a QH subgroup in the quotient resolution QRes(s, z, y, a) with an associated 

punctured surface S', and no surviving surface Q is mapped onto a conjugate of 
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Q', then for any QH subgroup Q with an associated surface S in Res(y, a), for 

which the fundamental group of some subsurface of S is mapped into a finite 

index subgroup of a conjugate of Q', genus(S') << genus(S), IX(S')I _< IX(S)I 

and either genus(S') < genus(S) or Ix(S')I < Ix(S)I. Therefore, if Q 1 , . . . ,  Qm 
are the QH subgroups that  appear in the original resolution Res(y,a) and 

, . .  n i . $1 ., Sm are their associated punctured surfaces, a d Q1, . . ,  Q~m, are the QH 
subgroups that  appear in the quotient resolution QRes(s, z, y, a) and S [ , . . . ,  S~n, 

are their associated punctured surfaces, then the tuple 

((genus(SO, (gen s(Sm), Ix(S l)) 

is greater than or equal in the lexicographical order to the tuple 

((genus(SD, I)) 

and the two tuples are equal if and only if all the QH subgroups Q1, . .  �9 Qm 
are surviving QH subgroups. 

Since the quotient limit group QRlim(s, z, y, a) is a proper quotient of the 

closure Cl(Res)(s, z,y,a), if all the QH subgroups Q1, . . .  ,Q,~ are surviving, 

then necessarily Abrk(QRes(s, z, y, a)) < Abrk(Res(y, a)), and we finally get 

that  Cmplx(QRes(s, z, y, a)) < Cmplx(Res(y, a)). | 

3 .  I n d u c e d  r e s o l u t i o n s  

In the first section we used an iterative procedure for the validation of a sentence, 

which assumes that  all the limit groups containing the set of the "remaining" 

y's are of minimal rank. In the second section we modified the procedure to 

analyze taut  maximal rank homomorphisms. In order to construct an iterative 

procedure for validation of a sentence in the general case, i.e., when the limit 

groups containing the set of the "remaining" y's are not necessarily of minimal 

rank, we will need several additional tools and notions. In this section we present 

the needed tools, and in the next one we use these tools to construct a procedure 

for validation of a sentence in the general case. 

We start  with the definitions of a g e o m e t r i c  s u b r e s o l u t i o n  of a resolution 

Res(t, y, a) and its complexity. 

Definition 3.1: Let Res(t,y,a) be a a well-separated resolution and let 

Comp(Res)(u, t, y, a) be its completion. Let GSRes(g, y, a) be a resolution with 

the following properties: 

(i) The resolution GSRes(g, y, a) is a well-separated resolution. 
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(ii) The resolution GSRes(g,y,a) is a completed resolution, i.e., 

completion of G S Res( g , y, a) is the resolution G S Res( g, y, a) itself. 

(iii) There exists a (geometric) embedding 

the 

v: GSRes(g, y, a) ~ Comp(Res)(u, t, y, a) 

that maps the subgroup < y, a > of the resolution GSRes(g,y, a) onto 

the subgroup < y, a > of the completed resolution Comp(Res)(u, t, y, a) 
elementwise. In addition, the embedding ~ has the following properties: 

(1) Every QH subgroup in an abelian decomposition associated with one 

of the various levels of the resolution GSRes(g, y, a) is embedded 

geometrically into (a finite index subgroup of) a QH subgroup of 

Co. p( Res)( , t, y, a). 
(2) Every abelian vertex group in an abelian decomposition associated 

with one of the levels of the resolution GSRes(g, y, a) is embedded 

into an abelian vertex group in one of the abelian decompositions 

associated with C omp( Res ) ( u, t, y, a ) . 
(3) Except for the terminal free groups dropped along the various levels 

of the geometric subresolution, the free and abelian decompositions 

associated with each level of the resolution GSRes(g, y, a) are the de- 

compositions induced (using Bass-Serre theory) from the embedding 

v and the free and abelian decompositions of Comp(Res)(u, t, y, a). 
Furthermore, the canonical maps between successive levels in the res- 

olution GSRes(g, y, a) are the ones induced from the canonical maps 

between successive levels in the completion Comp(Res)(u, t, y, a). 
We call the resolution GSRes(g,y,a) together with the embedding ~: 

GSRes(g,y, a) --+ Comp(Res)(u, t, y, a) a geomet r i c  subreso lu t ion  of the 

(completion of the) resolution Res(t, y, a). The modular groups associated with 

a geometric subresolution are set to be the modular groups induced from those 

of the completed resolution Comp(Res)(u, t, y, a). In particular, the modular 

groups associated with each of the QH vertex groups in the abelian decomposi- 

tions of GSRes(g, y, a) are set to be the finite index subgroups of the modular 

groups of the corresponding QH vertex groups of Comp(Res)(u, t, y, a) into 

which they are embedded, that preserve the image of the embedded QH sub- 

group of GRes(g, y, a). Note that the completion, Comp(Res)(u, t, y, a), itself 

is a geometric subresolution of the (completion of the) resolution Res(t, y, a). 

To analyze resolutions in the general case, we need to measure the complexity 

of geometric subresolutions of their completion. To get such a complexity mea- 
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sure, we modify our previous notion of complexity of a resolution (Definition 

1.14) so that  the modification takes into account the reduced modular groups 

associated with the various QH subgroups. 

Definition 3.2: Let Res(t, a) be a well-separated completed resolution with 

(possibly) reduced modular groups associated with each of its various QH sub- 

groups. Let Q 1 , . . . , Q m  be the QH subgroups that  appear in the comple- 

tion Comp(Res)(t, y, a) and let S I , . . .  , S m be the (punctured) surfaces associ- 

ated with the reduced modular group associated with each of the QH vertex 

group. To each (punctured) surface Sj we may associate an ordered couple 

(genus(Sj), [x(Sj)[). We will assume that  the QH subgroups Q1 , . . . ,  Q,~ are 

ordered according to the lexicographical (decreasing) order of the ordered cou- 

ples associated with their corresponding surfaces. Let rk(Res(t, a)) be the rank 

of the resolution Res(t, a) (Definition 2.1), and let Abrk(Res(t, a)) be the abelian 

rank of the resolution (see Definition 1.14). 

We set the complexity of the resolution Res(t, a), denoted Cmplx(Res(t, a)), 
to be 

Cmplx(Res(t, a)) = (rk(Res(t, a)), (gcrtus(S1), Ix(S~)l),... 
. . . ,  (ge~(s~), Ix(S~)l), Abrk(Res(t, a))). 

On the set of completed resolutions with (possibly) reduced modular groups we 

can define a linear order. Let Resl (ta, a) and Res2 (t2, a) be two completed reso- 

lutions with (possibly) reduced modular groups. We say that  Crnplx(Resl (tl ,a)) 
= Crnplx(Res2(t2, a)) if the tuples defining the two complexities are identical. 

We say that  Cmplx(ReSl)(tl, a)) < Cmplx(Res2(t2, a)) if: 
(1) The rank rk(Resl(tl, a)) is smaller than the rank rk(Res2(t2, a)). 
(2) The above ranks are equal and the tuple 

((gcn~(S~l), I~(S1)l) , . . . ,  (genus(s~,), I~(s~, I)) 

is smaller in the lexicographical order than the tuple 

((genus(S~), [x(S,2)I), . . .  , (genus(S~,~), I~(Sm~ I)). 

(3) The above ranks and tuples are equal and 

Abrk(Re~l(tl, a)) < Abrk(Re~2(t~, a)). 

Let Comp(Res)(t,v,a) be a completed well-separated resolution, and let 

< v,a > <  Rlim(t,v,a) be a subgroup of the limit group Rlim(t,v,a). With 
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each level of the completed resolution Comp(Res)(t, v, a) there is associated a 

(possibly trivial) free decomposition and abelian decompositions of each of the 

factors. We denote the decompositions associated with the various levels of the 

completed resolution Comp(Res)(t, v, a): A1 , . . . ,  Aq, and the canonical epimor- 

phisms between consecutive levels we denote ~1, . . . ,~q-1 .  Fhrthermore, each 

vertex group in these decompositions which is neither quadratically hanging nor 

abelian is embedded in the next level by the canonical epimorphisms between 

consecutive levels. 

From the completed resolution Comp(Res)(t,v,a) we construct the 

i n d u c e d  r e so lu t i on ,  Ind(Cornp(Res))(u,v,a), of the limit group < v,a > 
< Rlim(t, v, a), iteratively. We start  by describing the first step in the iterative 

construction. 

(i) Using standard Bass-Serre theory, the subgroup < v, a > <  Rlim(t,v, a) 
inherits a decomposition A1 with abelian and trivial edge groups from the 

decomposition A1. Note that  if < v, a > intersects a conjugate of a QH 
vertex group in the decomposition A1 in a subgroup of finite index, then 

the intersection appears as a QH vertex group in the inherited decom- 

position A1. If < v, a > intersects a conjugate of a QH vertex group in 

the decomposition A1 in a non-trivial, non-boundary subgroup of infinite 

index, then by Lemma 1.4 the intersection gives rise to a free factorization 

(and a possible free factor) in the decomposition A1 of the group < v, a >. 

(ii) Suppose that  the free decomposition inherited by the subgroup < v, a > 

from the decomposition A1 is 

v , a  ~ =  F I *  ~ v l , a  ~ * ~ v 2 ~ , . . . *  < v b 

where F1 is a free group which is the free product of free factors contributed 

by subgroups of infinite index in QH vertex groups in A1 and Bass-Serre 

generators of loops with trivial stabilizer in A1. < v~, a > is the connected 

component that  contains the vertex stabilized by Fk = <  a l , . . . , a k  > 

itself. 

We continue with each of the factors < vl,a >, < v2 > , . . . ,  < Vb > sep- 

arately. We will denote each of these factors by Vi. Each factor Vi inherits 

an abelian splitting A~ from the decomposition A1. Each edge e in A~ 

that  connects two non-QH, non-abelian vertex groups is composed from 

a couple of edges el and e2 that  are adjacent and are both in the orbit 

of the same edge e' in the Bass Serre tree corresponding to the graph of 

groups A1 of Comp(Res)(t, v, a). Furthermore, e ~ connects a non-abelian 

vertex group to an abelian vertex group in the decomposition A1. 
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Let A be the abelian vertex group that  stabilizes the common vertex 

v of el and e2 in the Bass-Serre tree corresponding to the decomposition 

A1. There exists a (unique) element a C A that  conjugates the vertex ad- 

jacent to v in e2 to the vertex adjacent to v in el, and for which ~1 (a) = 1. 

We modify the factor Vi by adding to its generators the element a. Note 

that  the image of the obtained group in the next level of the completed 

resolution is not changed, i.e., r h (V~) = rh (< V/, a >). We act in the same 

way on the factor V/, in case an abelian vertex group in A~ is connected to 

two non-QH, non-abelian vertex groups, which are necessarily in the same 

orbit of a non-QH, non-abelian vertex group in the graph of groups h i .  

Repeating this operation for all the edges connecting two non-QH, non- 

abelian vertex groups in the decomposition A~ of the factor Vi, and for all 

couples of edges connecting an abelian vertex group to two non-QH, non- 

abelian vertex groups in A~, we get a subgroup l)i < Comp(Res)(t,v, a), 
so that  17/ < l)i, and in the decomposition /X~ inherited by l)i from the 

decomposition A1, which is a "folding" of the decomposition A t of V/, a 

non-QH, non-abelian vertex group is connected only to QH vertex groups 

and to abelian vertex groups and not to any other non-QH, non-abelian 

vertex groups. Furthermore, an abelian vertex group i n / ~  is connected 

to at most one non-QH, non-abelian vertex group as it is in the decom- 

position A1. 

(iii) As we did with a general well-separated resolution in Definition 2.2, we 

associate a decomposition O R with the decomposition A~, by cutting each 

of the punctured surfaces that  correspond to QH vertex groups in /X~ 

along the collection of disjoint, non-homotopic (non-boundary parallel) 

s.c.c, which are the pre-images of the s.c.c, along which each of the QH 
vertex groups in the ambient resolution Comp(Res)(t,v,a) is cut. As we 

did in completing a general well-structured resolution ([Se2], definition 

1.12), we modify the factor ~ by adding Bass-Serre elements so that  each 

connected punctured subsurface in the decomposition @~ that  is connected 

to a non-QH vertex group in @4 will be connected to a unique non-QH 

vertex group, and get a subgroup l) /with corresponding graphs of groups 

/X~ and @~. 

As in the construction of the completed resolution of a well-separated 

resolution, every connected component in the decomposition 0~ that  con- 

tains a non-QH vertex group contains a unique non-QH, non-abelian ver- 

tex group, and (possibly) few abelian vertex groups all connected (only) to 
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(iv) 

(v) 

the (unique) non-QH, non-abelian vertex group in their connected com- 

ponent. All the QH vertex groups in a connected component in O~ are 

also connected only to the (unique) non-QH, non-abelian vertex group in 

that connected component. 
Since Comp(Res)(t,v,a) is a completed and well-separated resolu- 

tion, all the (conjugating) Bass Serre elements we have added to the 

factor ~ are naturally mapped to elements of the completed resolution 

Rlim(t, v, a), and the subgroup 1)/ obtained after adding the Bass-Serre 

generators is naturally mapped into the completed limit group 

Rlim(t, v, a) (note that it is not necessarily embedded). Since (the image 

in Rlim(t, v, a) of) the conjugating (Bass Serre) elements that we added 

are mapped to the identity element by the map *11, the addition of these 

elements does not change the image of the map rh, i.e., ~1 (1)/) = ~1 (I)/). 

With each factor ~ and each connected component in the decomposition 

0 4 that contains a non-QH vertex group, we associate a subgroup J~/and 

continue to the second level of the completed resolution Comp(Res)(t, v, a) 

with each of the subgroups J/separately. 

For each index i, and each connected component (indexed by s) in 

6)i, we set J~ to be the image under the canonical epimorphism 7/1 of the 

fundamental group of the corresponding connected component. Note that 

the Bass Serre elements, and the elements from abelian vertex groups that 

were added to the various factors Vi, do not change its image under the 

epimorphism *]1. 

As we did in part (i), for each of the subgroups J~ we use standard Bass- 

Serre theory to get a decomposition A(i'~) inherited by the subgroup J~/ 

from the decomposition A2 associated with the second level of the com- 
A(i,s) pleted resolution Comp(Res)(t, v, a). Prom the decomposition ~2 , the 

subgroup J/ inherits a free decomposition and an abelian decomposition 

of each of the factors. We add elements for each edge connecting two 

non-QH, non-abelian vertex groups in the abelian decompositions of the 

different factors as we did in part (ii), and conjugating elements corre- 

sponding to boundary components of QH vertex groups in one of the 

abelian decompositions of the different factors using the corresponding 

decomposition O~ i's) associated with A~ ~'s) as we did in part (iii). With 

each factor of J~ we associate finitely many subgroups M(i,~,j ) correspond- 

ing to the different connected components in the decomposition O~ i's) ex- 

actly in the same way we associated the subgroups J~ with the factors V/ 
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in part (iv). We continue to the third level of the completed resolution 

Comp(Res)(t, v, a) with the subgroups M(i,s,j ) associated with each of the 
connected components of the various graphs O~/'s) separately, analyze the 

decompositions inherited by each of the subgroups M(i,s,j) from the the 

abelian decomposition A3 associated with the third level of the completed 

resolution Comp(Res)(t, v, a), add additional elements according to parts 

(ii) and (iii), and subsequently continue to the next levels of the completed 

resolution Comp(Res)(t, v, a). 

The first step in our iterative procedure for constructing the induced resolu- 

tion constructs a resolution Res(u, v, a) of the subgroup < v, a >< Rlim(t, v, a) 
by going through the levels of the completed resolution Comp(Res)(t, v, a) and 

applying steps (i) (v) above. 

To start the second step in our iterative procedure for constructing the in- 

duced resolution, we set IResl(u,v, a) to be the subgroup of the completed 

resolution Comp(Res)(t,v, a) generated by the images of the different factors 

(in the completed resolution Comp(Res)(u,v,a)), and their images in the 

lower levels of the completed resolution Comp(Res)(t, v, a) obtained by steps 

(i)-(v) above. Having defined the subgroup IRes1 (u, v, a) < Rlim(t, v, a), we 

start going through the levels of the completed resolution Comp(Res)(t,v,a) 
starting with the subgroup IResl(u, v, a) instead of the subgroup < v, a > we 

started with in the first step. 

IResl(u, v, a), being a subgroup of Rlim(t, v, a), inherits a decomposition 

from the abelian decomposition A1 associated with the first level of the com- 
pleted resolution Comp(Res)(t, v, a). Let this decomposition be IA1. Since the 

image of the subgroup 1)/in Comp(Res)(t, v, a), and the subgroup IRes1 (u, v, a) 
differ only in the stabilizers of the unique non-abelian, non-QH vertex group 

in each connected component of the various decompositions (~ associated with 

the decompositions/~ of the factors l)/, if the graph of groups IA1 is not com- 

binatorially similar to the graph of groups /~1, i.e., if the free decompositions, 

and the QH and abelian vertex groups that appear in the abelian decomposition 

inherited by IRes1 (u, v, a) are not identical to those that appear in the abelian 

decompositions used to construct the subgroups l)/, then one of the following 

Occurs :  

(1) In the free decomposition IA1, inherited by the subgroup IResl(u,v, a) 
from the graph of groups A1, either the number of factors is dropping, 

or the rank of the free factor corresponding to Bass-Serre generators of 

loops with trivial edge stabilizers and free factors contributed by infinite 
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index subgroups of QH vertex groups in O1 is dropping. In this case 
each of the factors V/ of < v, a >, and the image of the subgroups ~ (in 

Comp(Res)(t, v, a)) associated with it, are subgroups of factors in the free 

decomposition of IRes1 (u, v, a) inherited from A1. 

(2) The number of factors and the rank of the free group corresponding to 

Bass-Serre generators of loops with trivial edge stabilizers and free factors 

contributed by infinite index subgroups of QH vertex groups in the free 

decomposition inherited by IRes1 (u, v, a) from A1 stays identical to their 

values in the free decomposition inherited by the subgroup < v, a > from 

the decomposition/~1. In this case each of the factors V.i of < v, a > is a 

subgroup of a unique factor in the free decomposition of IA1 inherited by 

IRes1 (u, v, a) from A1. 

The combinatorics of the graph of groups IA1 is strictly smaller than 

the combinatorics of the graphs of groups A~ in correspondence, i.e., for at 

least one of the factors in the decomposition IA~, the eombinatorics of its 

corresponding graph of groups is strictly smaller than the combinatorics of 

the corresponding graph of groups in ZX~, i.e., either the number of edges 

and vertices is smaller or the genus or the (absolute value of the) Euler 

characteristic of some of the QH vertex groups is smaller. 

Applying steps (i) (v) to the subgroup IRes1 (u, v, a), we set IRes2(u, v, a) 
to be the subgroup of the completed limit group Rlim(t, v, a) generated by the 

different factors of the subgroup IRes~ (u, v, a) and their images in the lower 

levels of the completed resolution Comp(Res)(t,v,a) obtained in the second 

step of the iterative procedure, i.e., obtained by performing steps (i) (v) above 

starting with the subgroup IRes~ (u, v, a) < Rlim(t, v, a). Having defined the 

subgroup 1Res2(u, v, a) < Rlim(t, v, a), we say that the procedure for the con- 

struction of the induced resolution terminates if IRes2 ( u, v, a) = IRes1 ( u, v, a ). 
Otherwise, we perform the third step of the iterative procedure for constructing 

the induced resolution by going through the levels of the completed resolution 

Comp(Res)(t, v, a) starting with the subgroup IRes2(u, v, a) instead of the sub- 

groups < v, a > and IResl(u,  v, a) as we did in the first two steps. 

In the general step, we say that the iterative procedure for the construction 

of the induced resolution terminates if IRes,~(u,v,a) = IResn_l(u,v ,a) .  
Otherwise, we continue to the next step by applying steps (i)-(v) starting with 

the subgroup IRes~(u, v, a) < Rlim(t, v, a). 

PROPOSITION 3.3: The iterative procedure for the construction of the induced 
resolution of the subgroup < v, a >< Comp(Res)(t, v, a) terminates. 
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Proof: Suppose that for some index n, the subgroup IResn(u,v,a) properly 

contains the subgroup IResn-l(u, v, a). The subgroup IRes~_l(u, v, a) is ob- 

tained by starting with the subgroup IResn_2(u,v,a) and applying steps (i)- 

(v), and the subgroup IResn(u, v, a) is obtained by starting with the subgroup 

I Resn-1 ( u, v, a) and applying steps (i)-(v). Since the subgroup I Res,- i  ( u, v, a) 
is properly contained in the subgroup IResn(u, v, a), at least one of the decom- 

positions constructed from IResn-l(u, v, a) through steps (i)-(v) is not similar 

to the corresponding decomposition constructed from IResn-~ (u, v, a) through 

steps (i)-(v). By cases (1)-(2) above, if we restrict ourselves to the highest 

level decompositions constructed from IResn_l(U,V, a) which are not similar 

to the corresponding decompositions constructed from IResn_2(u, v, a), then 

either the decompositions constructed from I Res~_ l(U, v, a) have fewer factors, 

or the ranks of the free groups generated by Bass-Serre generators of edges 

with trivial stabilizers and free groups which are infinite index subgroups in 

QH vertex groups in the corresponding (level) abelian decomposition of the 

completed resolution Comp(Res)(t, v, a) are smaller in the decompositions con- 

structed from IRes~_i (u, v, a) than they are in the decompositions constructed 

from IResn_2 (u, v, a), or in case there are equalities in the number of factors and 

the ranks of the corresponding free groups, then the combinatorics of the graphs 

of groups constructed from IResn-1 (u, v, a) is smaller than the combinatorics of 

the graphs of groups constructed from IResn_2(u, v, a). This decrease in either 

the number of factors, the ranks of the free factors, or the combinatorics in the 

highest level decompositions which are not similar forces the iterative procedure 

for the construction of the induced resolution to terminate. | 

LEMMA 3.4: Let IRes(u, v, a) be the terminal resolution obta~ined by the above 
procedure. Then IRes(u,v,a) is a geometric subresolution of the completed 
resolution Comp(Res) (t, v, a). 

Proof" The resolutions IResn(U, v, a) constructed in the various steps of the 

iterative procedure are all well-separated by construction. The terminal resolu- 

tion IRes(u, v, a) is a completed resolution, since if we start with the subgroup 

IRes(u, v, a) and apply steps (i)-(v) we get the same subgroup (and resolution) 

IRes(u, v, a), which implies that IRes(u, v, a) is equivalent to its completion. 

Since starting with the subgroup IRes(u, v, a) and applying steps (i)-(v) gives 

us the subgroup IRes(u, v, a) and the resolution used to get it in the first place, 

the natural embedding of the resolution IRes(u, v, a) is a "geometric" embed- 

ding, i.e., it satisfies all the properties listed in part (iii) of Definition 3.1. | 



Vol. 143, 2 0 0 4  DIOPHANTINE GEOMETRY OVER GROUPS IV 79 

Definition 3.5: Let IRes(u, v, a) be the terminal resolution obtained by the 

above procedure. We say that the resolution obtained from the resolution 

IRes(u, v, a), by replacing the modular groups associated with each of its QH 

vertex groups Q with its subgroup corresponding to the modular group of the 

QH vertex group Q' of the completed resolution Comp(Res)(t, v, a) it is associ- 

ated with, is the induced resolut ion of the subgroup < v, a > extracted from 

the completed resolution Comp(Res)(t, v, a). We denote the induced resolution 

Ind(Comp(Res)) (u, v, a). 

The terminating iterative procedure presented above associates with a given 

completed well-separated resolution Comp(Res) (t, v, a), and a subgroup < v, a > 

of the limit group Rlim (t, v, a), the induced resolution Ind(Comp(Res))(u, v, a). 

Let GRes(t,v,p,a) be a completed graded well-separated resolution, and let 

< v,pl ,a > be a subgroup of the graded limit group GRlim(t,v,p,a),  where 

< pl > is a subgroup of the parameter subgroup < p >< GRlim(t, v,p, a). Ap- 

plying the procedure used to construct an induced resolution with an (ungraded) 

completed well-separated resolution and a subgroup of its limit group, we as- 

sociate a graded induced resolution, GInd(GRes)(u, v,pl, a), with the graded 

resolution GRes(t,v,p,a) and the subgroup < v,pl ,a >. As in the ungraded 

case, the procedure for the construction of the graded induced resolution guaran- 

tees that the graded induced resolution, GInd(GRes) (u, v, Pl, a), is canonically 

embedded into the graded resolution GRes(t, v,p, a). In the sequel, we will need 

the following basic property of the canonical embedding of the graded induced 

resolution. 

LEMMA 3.6: Let GRes(t, v,p, a) be a completed graded well-separated resolu- 
tion, and let < v, Pl , a > be a sllbgroup of the graded limit group GRlim(t,v,p,a), 
where < Pl > is a subgroup of the parameter subgroup < p > < GRlim(t, v, p, a). 
Let GInd(GRes)(u, v,pl, a) be the graded induced resolution associated with 
GRes(t,v,p,a) and the subgroup < v, pl ,a >, let Term(t ,v ,p,a)  be the termi- 
nal (rigid or solid) graded limit group of the graded resolution G Res( t, v, p, a ) , 
and let G IndT erm( u, v, Pl , a) be the terminal (graded) limit group of the graded 

induced resolution GInd(GRes) (u, v, pl, a). 

By construction, the terminal limit group of the graded induced resolution, 

GIndTerm(u, v, pl, a), is canonically embedded into the terminal graded limit 

group of GRes(t, v,p, a), Term(t, v,p, a). Let 

,: GIndTerm(u, v,pl, a) -4 Term(t, v,p, a) 

be that canonical embedding. Then the image of the canonical embedding, 
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u( C I n d T e r m ( u ,  v, pl, a) ), is contained in the subgroup generated by the image 

of the (original) subgroup < v, Pl, a > in the termina/l imit  group Term( t ,  v, p, a ) . 

Proof: Follows immediately from the procedure for the construction of the 

graded induced resolution, since the elements from the various abelian groups 

and the Bass-Serre elements that  are added along the procedure do not change 

the bot tom level of the (graded) induced resolution. | 

In our iterative procedure for validation of a sentence, as well as in our itera- 

tive procedure for quantifier elimination, we will need to be able to "compare" 

resolutions constructed at various steps of the iterative procedures. One of 

the basic tools for making such a "comparison" possible is the existence of a 

d e c o r a t e d  c lo sure .  

THEOREM 3.7: Let Res ( t , y ,a )  be a well-structured resolution, let 

Comp(Rcs ) (u , t , y , a )  be its completion, and let R l im(y ,a )  be the subgroup 

generated by < y, a > in the limit group Rl im(t ,  y, a) associated with the reso- 

lution Res(t ,  y, a). Let Resl (y ,  a ) , . . . ,  Rest(y ,  a) be the resolutions in the taut 

Makanin-Razborov diagram of the limit group Rl im(y ,  a). 

There exists a (canonical) covering closure 

Cll (l~eS)(S, ~t, t, y, a), . . . , Cld(Res)(s,  u, t, y, a) 

of the resolution Res ( t , y ,a ) ,  and for each index i, 1 < i < d, there exists an 

associated resolution Resh(o(y, a), which is one of the resolutions in the taut 

Makanin-Razborov diagram of tile limit group Rl im(y ,  a), and an associated 

canonical map 

Ai: Comp(Resh(i))(z,  y, a) -+ Cli(Res)(s ,  u, t, y, a) 

that satisfy the following. 

(1) For every index i, 1 < i < d, and every index j ,  1 <_ j < k, Ai(aj) -~ aj. 

(2) For every index i, 1 < i < d, and every index j ,  1 <_ j <_ f, Ai(yj) = yj. 

(3) Let {(uj, tj, yj, a) } j~__l be an arbitrary test sequence (see Definition 1.20 in 

[Se2]) that factors through the completed resolution Comp( Res)(u,  t, y, a). 

Then there exists some index i, 1 < i < d, and a subsequence of the test 

sequence (still denoted {(u j, tj, yj, a) } j~176 for which there exists a corre- 

sponding sequence of specializations { ( zj, yj , a)}?--1 that factor through 

and are taut with respect to the completed resolution Comp(Res6(o)(z,y,a), 

and such that the combined sequence {(,~i(zj), Uj, t j ,y j ,  a)}~= 1 factors 

through the c/osure C l ~ ( Res ) ( s, u, t, y, a ) . 
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We call each of the closures Cli(Res)(w,s,z,y,a) a d e c o r a t e d  c losure ,  

denoted DecorCl(s,u, t, y,a), and its associated resolution Res~(i)(y,a), its 
r e f e r e n c e  r e s o l u t i o n ,  denoted Re f Res(y, a). 

Proof: Given a test sequence {(uj, tj, yj, a)}~_ 1 tha t  factors through the com- 

pletion Comp(Res)(u, t, y, a), the universality of the taut  Mat~nin-Razborov  

diagram implies tha t  it is possible to find a subsequence, (still denoted) 

{(u j, tj,  yj, a)}~_l, 

for which there exists a corresponding shortest form sequence of specializations 

{(zj, yj, a)}~_ 1 that  factor through and are taut  with respect to the completed 

resolution Comp(Ress(~))(z, y, a). Hence, the same proof that  was used to prove 

the existence of a formal solution ([Se2], 1.18) gives a proof of Theorem 3.7. 
| 

Induced resolutions and graded induced resolutions are the additional tools 

needed for presenting the iterative procedure for validation of an AE sentence 

in the general case. During the a t tempts  to find such a procedure, we have con- 

structed several additional tools that  eventually were not useful in constructing 

a (terminating) procedure for validation of a sentence, but these tools seem 

rather  basic and natural  to us, and they are likely to be helpful in approaching 

other problems, even closely related ones. I t  is our aim to present some of these 

tools in forthcoming papers, still in the rest of this section we decided to include 

some notions tha t  seem basic to us, although they are not going to be used in 

the sequel. 

Let Comp(Res)(t,v,a) be a well-separated completed resolution, and let 

< v, a > <  Rlim(t, v, a). The induced resolution Ind(Comp(Res))(u, v, a) is the 

"basic" geometric subresolution of Comp(Res)(t,v,a) tha t  contains the sub- 

group < v, a >. However, for certain applications, which include the possibility 

to bound the complexity of resolutions by the complexity of their reference res- 

olutions, the induced resolution needs to be modified. Besides the geometric 

requirement we will need our (completed) resolutions to be f i rm.  Intuitively, 

we would like the rank of the geometric subresolution we work with to be equal 

to the rank of the free group corresponding to a generic specialization of the 

group < v, a > that  factors through the ambient resolution Comp(Res)(t, v, a). 

Definition 3.8: Let Comp(Res)(t,v,a) be a completed resolution and let 

< v, a > <  Rlim(t, v, a). Let r be the maximal rank of all free groups which are 

specializations of the subgroup < v, a > that  can be extended to a specialization 
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of the limit group Rlim(t, v, a) which factors through the completed resolution 

Comp(Res)(t, v,a). We call r the r a n k  of the subgroup < v, a > with respect 

to the completed resolution Comp(Res)(t, v, a). 
A test sequence {tn, Vn, a} of the completed resolution Comp(Res)(t, v, a) is 

called a f i rm  t e s t  s e q u e n c e  for the subgroup < v, a > if, for every index n, the 

rank of the free group < Vn, a > is equal to the rank of < v, a > with respect 

to the completed resolution Comp(Res)(t, v, a). 

Using firm test sequences we are able to define f i rm re so lu t ions ,  which are 

the type of resolutions one needs in order to control the complexity of resolutions 

by the complexity of their reference resolutions. 

Definition 3.9: Let Comp(Res)(t,v, a) be a completed resolution, let < v, a > 

be a subgroup of the limit group Rlim(t,v,a), and let FrmGSRes(g,v,a) 
be a geometric subresolution of Comp(Res)(t,v,a). We say that  the resolu- 

tion FrmGSRes(g, v, a) is a f i rm  s u b r e s o l u t i o n  of the completed resolution 

Comp(Res) (t, v, a) if it has the following properties: 

(i) The rank of the resolution FrmGSRes(g, v, a), rk(FrmGSRes(g, v, a)), is 

equal to the rank of its terminal free group with respect to the completed 

resolution Comp(Res) (t, v, a). 

(ii) There exists a firm test sequence for the terminal free group of the geo- 

metric resolution FrraG S Res(g, v, a). 
(iii) Let A I , . . . ,  Am be all the non-cyclic pegged abelian groups that  appear 

along the completed resolution Comp(Res)(t, v, a), let pegl,.. . ,pegm be 

the pegs of the abelian groups A1,. .  . . . . ,  Am, and let {pegi, q~, , q~ }i=lm be 

an arbitrary basis for the collection of the subgroups A 1 , . . . ,  Am. Then 

i > 2 a n d 0  <_ ~ < n } , t h e r e  for any set of integers {(s},n~)}, where nj _ sj _ 
exists a firm test sequence {tn, vn, a} of the subgroup < v, a > such that  

for every index n, the specialization of each of the pegs pegi is an element 

hi, and the specialization of each of the basis elements q~ is h~ ~ where 
i rji = uji . nji + Sji for some positive integer uj. 

Given a completed resolution Comp(Res)(t,v, a) and a subgroup < v, a >, 

the induced resolution, Ind(Comp(Res))(u, v, a), is the basic geometric subres- 

olution of Comp(Res)(t,v, a), which is a resolution of the subgroup < v, a >. 

However, in general the induced resolution is certainly not a firm subresolu- 

tion of Comp(Res)(t, v, a). Indeed, it may be that  rk(Comp(Res)(t, v, a)) = 0 
whereas the rank of the induced resolution, Ind(Comp(Res))(u, v, a), is arbi- 

trarily large. Hence, for the purpose of controlling the complexity of resolutions 
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we need a different type of resolution. Instead of actually constructing a firm 

subresolution, we present the notion of an e x t r e m a l  s u b r e s o l u t i o n .  

Definition 3.10: Let Comp(Res)(t,v,a) be a completed resolution and let 

< v ,a  > be a subgroup of the limit group Rlim(t,v,a).  A geometric sub- 

resolution of Comp(Res)(t, v, a) that  contains the subgroup < v,a > is called 

e x t r e m a l ,  and denoted ExtrmRes(u, v, a), if for every geometric subresolution 

of Comp(t, v, a) that  contains the subgroup < v, a >, GSRes(g, v, a), 

Cmplx(ExtrmRes(u,  v, a) ) <_ Cmplx(GSRes(g, v, a) ). 

Before studying some of the basic properties of extremal resolutions we need 

to show their existence. 

PROPOSITION 3.1 1 : Let Comp(Res) (t, v, a) be a completed resolution and let 

< v, a > be a subgroup of the limit group Rlim(t, v, a). There exists an extremal 
subresolution ExtrmRes(u,  v, a) of the completed resolution Comp( Res) ( t, v, a) 
that contains the subgroup < v, a >. 

Proof: The completed resolution Comp(Res)(t, v, a) itself, and (by Lemma 

3.4) the induced resolution, Ind(Comp(Res))(u, v, a), are geometric subresolu- 

tions of Comp(Res)(t,v,a) that  contain the subgroup < v ,a  >. Hence, the 

set of geometric subresolutions of Comp(Res)(t, v, a) that  contain the subgroup 

< v, a > is non-empty. By the way, the complexity of a resolution is defined 

(Definition 3.2); any decreasing sequence of complexities of resolutions termi- 

nates in a finite time. Hence, any (strictly) minimizing sequence of geometric 

subresolutions of Comp(t, v, a) that  contain the subgroup < v, a > terminates, 

so the set of geometric subresolutions of Comp(Res)(t,v,a) that  contain the 

subgroup < v, a > contains extremal subresolutions. | 

As we have already pointed out, induced resolutions need not be firm. Ex- 

tremal resolutions must be. Although we do not use extremal resolutions in our 

iterative procedures for validation of a sentence and for quantifier elimination, 

we list a few basic properties of these resolutions. The proof of these properties 

follows from the construction of a core resolution, presented in the next paper 

in the sequel. 

THEOREM 3.12: Let Comp(Res)(t,v,a) be a completed resolution and let 
< v, a > be a subgroup of the limit group Rlim(t, v, a). Then: 

(1) An extremal subresolution ExtrmRes(u,  v, a) of the completed resolution 

Comp(Res)(t, v, a) that contains the subgroup < v, a > is a firm subreso- 
lution of Comp(Res)(t, v, a). 
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(2) Suppose < v,a >=< a > * < v >, where < v > is isomorphic to 

a free group Fs of rank s. Then either an extremal subresolution, 

ExtrmRes(u,  v, a), of the completed resolution Comp(Res)(t, v, a) that 

contains the subgroup < v, a > is the free group < a, v > itself, or the 

rank of ExtrmRes(u,  v, a) is strictly smaller than s. 

(3) Let ExtrmRes(u,v ,a)  be an extremal subresolution of the completed 

resolution Comp(Res)(t, v, a) that contains the subgroup < v, a >. Let 

Q be a conjugate of a QH subgroup in one of the abelian decompositions 

associated with the various levels of the completed resolution 

Comp(Res)(t, v, a). Then: 

(i) If one of the free groups dropped along the various levels of the 

extremal resolution ExtrmRes(u, v, a) intersects Q in a subgroup of 

finite index, then the extremal resolution ExtrmRes(u,v ,a)  

contains the entire QH subgroup Q. 

(ii) If Q is a QH subgroup in Comp(Res)(u,v,a) from which a free 

factor is dropped in the next level (a floating QH vertex group), 

and ExtrmRes(u, v, a) intersects Q in a subgroup of finite index, 

then the extremal resolution ExtrmRes(u, v, a) contains the entire 

subgroup Q. 

(4) Let Res(t ,y,a) be a well-separated resolution, Comp(Res)(u,t ,y,a) 

its completion, Rlim(y,a) the subgroup generated by < y,a > in 

Rlim(t, y, a), and Resl(y, a ) , . . . ,  Rest(y, a) the resolutions in the taut 

Makanin-Razborov diagram of the limit group Rlim(y, a). Let 

DecorCll ( s, u, t, y, a ) , . . . ,  DecorCld( s, u, t, y, a) 

be its canonical set of decorated closures, and let 

Resh(1) (y, a ) , . . . ,  ReSh(d)(y, a) 

be their associated reference resolutions. For each index i, 1 < i < d, let 

hi: Cornp(Res~(i))(z, y, a) -+ DecorCl(s, u, t, y, a) be the canonical map 

from the completion of the i-th reference resolution into its associated 

decorated closure. For each level m of the completion of the reference 

resolution, Comp(Resa(i))(z, y, a), let < zm, a > be the subgroup asso- 

ciated with the m-th level of Comp(Resa(i))(z, y, a). Let < Ai(Zm), a > 

be the image of the m-th level subgroup < Zm, a > in the decorated 

closure DecorCli(s,u,t ,y,a).  Let ExtrmRes(um, fli(z,~),a) be an ex- 

tremal resolution of the subgroup < Ai(Zm), a > in the decorated closure 



Vol. 143, 2004 DIOPHANTINE GEOMETRY OVER GROUPS IV 85 

DeeorCli  ( s, u, t, y, a ). 
a o o  There exists a test sequence { ( s j , u j , t j , y j ,  )}j=l that  satisfies the 

following: 

(i) The test sequence factors through a11 the decorated closures: 

DecorCl  l ( s, u, t, y, a ) , . . . , DecorCld(  s, u, t, y, a ) . 

(ii) 

(iii) 

(5) With 

The  test sequence is a firm test sequence with respect to all the 

extremal resolutions E x t r m R e S ( U m ,  Ai(zm),a) of  the various sub- 

groups < A~(Zm), a >. 

There exists some index i, 1 <_ i <_ d, so that  for every index j 

the specializations { ( A i ( z ) j , y j , a ) }  are shortest  form and taut  

with respect to the completion of  the i - th  reference resolution 

Comp(  Res~(i) ) (z, y, a). 

the notat ion of  (4), there exists some index i, 1 < i < d, for which 

C m p l x (  E x t r m R e s ( u ,  y, a) ) <_ C m p l x (  Cornp( Resh(i) )(z,  y, a) ) 

and, in case of  equality, there exist extremal subresolutions so that  for 

every level m of  the completion Comp(  Res~(i) )(z,  y, a), the structure of  the 

extremal resolution E x t r m R e s  ( um , Ai ( Zm ) , a ) ) is identical to the struc- 

ture of  the part  of  the completion C o m  p( Res  i ) ( z, y, a) corresponding to 

the m- th  level subgroup < Zm,a >. In particular, the complexi ty  of  

E x t r m R e S ( U m  , )~i ( Zm ), a) is identical to the complexi ty  of  the correspond- 

ing part  of  C omp( Res  h( i) ) ( z , y, a ) . 

4. A n  i t erat ive  p r o c e d u r e  for va l ida t ion  o f  a s e n t e n c e  

In Section 1 we used an iterative procedure for validation of a sentence, as- 

suming the restricted limit groups in question are of minimal rank. In Sec- 

tion 2 we modified this procedure to analyze collections of maximal rank ho- 

momorphisms which are taut  with respect to a given (well-separated) reso- 

lution. In Section 3 we studied induced resolutions and decorated closures 

of a resolution. To construct a terminating iterative procedure for valida- 

tion of a general A E  sentence, which is crucial for our quantifier elimination 

"trial and error" procedure, we must show that either the Zariski closures, 

or the complexities of the resolutions associated with the set of specializations 

for which the validity of the sentence was not yet demonstrated, strictly decrease 

after finitely many steps of the procedure. To get the desired strict decrease in 
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either the complexity of the associated resolutions or the associated Zariski clo- 

sures, we combine the tools, ideas and concepts of the (terminating) procedure 

in the minimal rank case presented in Section 1, with some additional proper- 

ties of the (canonical) JSJ decomposition and the construction of the induced 

resolution presented in the previous section. To get this combination we are 

forced to construct certain "data structure" that  keeps track of all the previous 

steps of the procedure, and not only the last one. 

Let 

Vy 3x E(x ,y ,a)= l A ~(x,y,a) ~ l 

be a true sentence over Fk. Let Fy = <  Yl , . . .  ,Y~ > be a the free group with a 

free basis Y l , . . . ,  Ye. By Proposition 1.1 of [Se2] there exists a formal solution 

x = x(y, a), and a finite set of restricted limit groups 

Rlirnl (y, a), . . . , Rlimm(y, a) 

for which: 

(i) The words corresponding to the equations in the system E(x(y, a), y, a) = 

1 represent the trivial word in the free group Fk * Fy. 

(ii) For every index i, Rlimi(y, a) is a proper quotient of the free group Fk *Fy. 
(iii) Let BI(y) , . . . ,Bm(y)  be the basic sets corresponding to the restricted 

limit groups Rliml (y, a), . . . ,  Rlimm(y, a). If y ~ g] (y) U... U Bm (y), and 

Cj (x, y, a) is a word corresponding to one of the equations in the system 

�9 (x,y,a) ~ 1, then Cj(x(y,a),y,a) ~ 1. 
Proposition 1.1 of [Se2] gives a formal solution that  proves the validity of the 

given sentence on a co-basic set (Fk) ~ \ (B1 (y) U.. .  U Bm(y)), hence the rest of 

the procedure needs to construct formal solutions that  prove the validity of the 

sentence on the remaining basic sets B I ( y ) , . . . ,  Bin(y). Since our treatment of 

the restricted limit groups Rtiml(y, a ) , . . . ,  Rtimm(y, a) which define the basic 

sets B I ( y ) , . . . ,  Bm(y) is independent, we will continue with one of these limit 

groups, which for brevity we denote Rlim(y, a). Note that  Rlim(y, a) is a proper 

quotient of the free group Fk * Fy, hence the rank of every resolution in the (taut) 

Makanin-Razborov diagram of Rlim(y, a) is strictly less than 6, the rank of the 

free group Fy. 
Let Rlim(y, a) be one of the restricted limit groups 

Rliml (y, a ) , . . . ,  Rlimm(y, a). 

By Proposition 2.5, with Rlim(y, a) one associates its (canonical) taut  Makanin 

Razborov diagram. Let Resl (y, a ) , . . . ,  Rest(y, a) be the resolutions in this taut  
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diagram. Each resolution in the diagram is a well-separated Makanin-Razborov 

resolution of either the restricted limit group Rl im(y ,  a) or of a proper quotient 

of it, and every specialization of the restricted limit group Rlirn(y,  a) can be 

extended to a specialization which is taut  with respect to at least one of the 

resolutions Res l  , (y, a), . . . , Res t ( y ,  a). 

In presenting the iterative procedure for validation of a sentence, we won't 

need to consider all the specializations that  factor through the completions of a 

given well-separated resolution, but only the s h o r t e s t  f o r m  ones. 

Definition 4.1: Let R l i m ( y , a )  be a restricted limit group, let Res(y ,a )  be a 

well-separated resolution of Rl im(y ,  a), let Comp(Res ) ( z ,  y~ a) be its completed 

resolution, and let C o m p ( R l i m ) ( z ,  y, a) be its completed limit group. We fix 

generating sets for the subgroups of the completion, C o m p ( R l i m ) ( z ,  y, a), asso- 

ciated with the various levels of the resolutions Res(y ,  a). 

We say that  a specialization (z, y, a) that  factors and is taut  with respect to 

the completed resolution Comp(Res ) ( z ,  y, a) is a s h o r t e s t  f o r m  specialization, 

if the specialization of the subgroup associated with each level of the resolu- 

tion Res(y ,  a) is the shortest possible under the action of the modular group 

associated with that  level. 

By the construction of the taut  Makanin-Razborov diagram of a limit group 

(Proposition 2.5), every specialization of a given limit group can be extended to 

a shortest form specialization of a completion of (at least) one of the resolutions 

in the taut  Makanin-Razborov diagram of the given limit group. 

I. T h e  f irs t  s t ep .  We start  the first step of the iterative procedure in the 

general case, with a (finite) collection of limit groups, the resolutions that  appear 

in their taut  Makanin-Razborov diagrams, and the collections of shortest form 

specializations associated with each of these (well-separated) resolutions. 

As in the minimal rank case, the continuation of the iterative procedure in 

the general case is conducted independently for the different limit groups and 

each of their resolutions. Hence, for the rest of the procedure, we will denote the 

restricted limit group in question Rl im(y ,  a), and its (well-separated) resolution 

Res(y ,  a), omitting their indices. 

By theorem 1.18 of [Se2], from the validity of our given sentence we get the 

existence of a covering closure C l l ( Res  ) ( s, z, y, a ), . . . , C lq ( Res  ) ( s, z, y, a) of the 

resolution Res(y ,  a), and for each index 1 < n < q there exists a formal solution 

x~(s,  z, y, a) for which: 
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(i) The words corresponding to the equations in the system 

E(xn(s,z ,y ,a) ,y ,a)  = 1 

represent the trivial word in the closure Cln(Res)(s, z, y, a). 
(ii) There exists some specialization (s~, z3, y~) for which 

z3, y3, a), y3, a) 1. 

The first formal solution, defined over the free group Fy =< Yl , . . . ,Ye >, 
proves the validity of our given sentence on a co-basic set of y's, and we are still 

required to prove the validity of the sentence on the basic set, which consists of 

all the specializations of the collection of limit groups 

Rliml (y, a ) , . . . ,  Rlimm (y, a). 

The formal solutions described above for each of the closures Cln (Res)(s, z, y, a) 

are defined using the sets of variables (s, z, y, a). Hence, they prove the validity 

of the given sentence on the intersection of Diophantine and co-Diophantine 

sets, defined by the various sets of variables (s, z, y, a). 

To analyze the remaining set of y's, we construct an iterative procedure that  

produces a sequence of well-separated resolutions and their completions. The 

iterative procedure for analyzing general resolutions is based on the procedures 

presented in the first two sections, but the analysis of the set of the remaining 

y's in each step of the procedure needs to be modified to guarantee (eventual) 

strict reduction in complexity. Given a resolution Res(y, a), we go over all the 

indices n, 1 < n < q, and analyze all the specializations (So, z0, Y0, a) that  are 

shortest form with respect to the closure Cln(Res)(s, z, y, a) (hence, in particu- 

lar, factor and are taut  with respect to Cln(Res)(s, z, y, a)), for which the tuple 

(So, z0, Yo, a) satisfies the additional equation 

Cj (x n (So, z0, Y0, a), Y0, a) = 1 

for some index j .  Note that  the equation ~j (Xn(80, Z0, Yo, a), Yo, a) -- 1, defined 

over the set of specializations that  factor through the closure Cln (Res)(s, z, y, a), 

is a non-trivial equation by construction. Clearly, if an element Yo E Fk can 

be extended to a shortest form specialization with respect to one of the con- 

structed closures and this shortest form specialization does not satisfy any of 

the additional equations, then the sentence is valid for Yo. 

If we fix the index n, then the entire collection of shortest form specializations 

(So, zo, Yo, a) that  factor through the closure Cln(Res)(s, z, y, a) and satisfy (at 
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least) one of the additional equations is contained in a finite set of maximal limit 

groups QRlim'~(s, z, y, a),. . . ,  QRlimn (s, z, y, a). Since our analysis of these 

quotient limit groups is conducted in parallel, we will omit the indices from 

the quotient limit groups and closures, and denote them Cl(Res)(s, z, y, a) and 

O Rlim( s, z, y, a) in correspondence. 

The resolution Res(y,a) is well-separated, in particular well-structured, so 

with each level of the closure, Cl(Res)(s, z, y, a), there is an associated abelian 

decomposition. By the construction of these decompositions ([Se2], 1.12), a 

non-QH, non-abelian vertex group is connected (by an edge with non-trivial 

stabilizer) only to QH and abelian vertex groups, and QH and abelian ver- 

tex groups are connected only to non-QH, non-abelian vertex groups. Let 

Base~,l,..., Base~,vl be the non-abelian, non-QH vertex groups in the abelian 

decomposition associated with the top level of the closure, Cl(Res)(s, z, y, a) 
(the notation Base~e,j indicates the index of the base that  will be further ex- 

plained in the presentation of the general step, s is the step index, and j is 

the number of the vertex in the abelian decomposition associated with level 

- 1 in the completion). In a similar way to what we did in Sections 1 and 

2, with the quotient limit group QRlim(s, z, y, a), we associate canonically the 

multi-graded taut  Makanin-Razborov diagram with respect to the subgroups 

Basel,i,... ,Base~,vl. Let 

 aQnesl(s, y Basel1,.. ,B selvl, a),..., 
M VQ Resq( s, z, y ,  J ~ a s e l , 1 ,  . . . , B a s e l , v 1 ,  a) 

be the quotient multi-graded resolutions in this taut  Makanin-Razborov 

diagram. 

We continue with a subset of the resolutions which appear in the multi-graded 

taut  Makanin-Razborov diagram of the quotient limit group QRlirn(s, z, y, a), 
a subset through which all the specializations (Yo, a) of Rlim(y, a) that  can be 

extended to specializations (so, Zo, Y0, a) which are taut  and shortest form with 

respect to Cl(Res(y, a), and factor through QRlim(s, z,y, a), do factor, and 

not with all the quotient multi-graded resolutions in this taut  multi-graded di- 

agram. If the subgroup generated by < y , a  > of the limit group (generated 

by) < s, z, y, a > associated with a quotient multi-graded resolution MGQResi 
is a proper quotient of the limit group Rlim(y, a) associated with the resolu- 

tion Res(y, a) with which we have started this branch of the first step of the 

procedure, we include the quotient multi-graded resolution MGQRes~ in the 

subset we continue with. Hence, to define the other quotient multi-graded reso- 

lutions in the subset with which we continue, we may assume that  the subgroup 
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generated by < y, a > in the limit group associated with a multi-graded resolu- 

tion MGQResi is isomorphic to the limit group Rlim(y, a) associated with the 

resolution Res(y, a). 

For each QH vertex group Q in the abelian decomposition associated with 

the top level of the closure Cl(Res)(s, z, y, a), the boundary elements of Q can 

be conjugated (in the limit group associated with the closure Cl(Res)(s, z, y, a)) 

into the subgroups Base,,l,. . . ,  Basely1. Since the closure Cl( Res)( s, z, y, a) 
is canonically mapped onto the quotient limit group QRlim(s, z, y, a), each of 

the QH subgroups Q in the abelian decomposition associated with the top 

level of Cl(Res)(s,z,y,a) is naturally mapped into the quotient limit group 

QRlim(s, z, y, a). Hence, the QH subgroup Q and its corresponding quotients 

naturally inherit a sequence of abelian decompositions from the multi-graded 

abelian decompositions associated with the various levels of a multi-graded res- 

olution MGQResi abelian decompositions in which the boundary elements of 

Q are all elliptic (and non-trivial). 

The resolution Res(y, a) was assumed to be well-separated, hence on each 

of the QH vertex groups Q associated with its various levels there exists an 

additional indication for a collection of s.c.c, on its associated surface S that is 

mapped to a trivial element in the limit group associated with the next level 

of the resolution Res(y, a). Given a multi-graded resolution MGQResi, if for 

some QH vertex group Q in the abelian decomposition associated with the top 

level of the closure Cl(Res)(s, z,y, a), the sequence of abelian decompositions 

Q and its corresponding quotients inherited from the multi-graded resolution 

MGQResi is not compatible with the specific indication of the collection of 

s.c.c, on the surface S associated with the QH vertex group Q that are mapped 

to the trivial element in the resolution Res(y, a), we omit the quotient multi- 

graded resolution MGQResi from our list of quotient multi-graded resolutions. 

Otherwise, we include the quotient multi-graded resolution in the subset of 

multi-graded resolutions with which we continue. 

By construction, for every specialization (yo,a) of Rlim(y,a) that 

can be extended to a specialization (So,zo,Yo,a) of QRlim(s,z,y,a), 
that factors and is taut and shortest form with respect to the closure, 

Cl(Res)(s, z, y, a), Cln(Res)(s, z, y, a), there exists a quotient multi-graded res- 

olution MGQResi which is included in the subset of quotient multi-graded res- 

olutions with which we continue, and for which the specialization (So, Zo, Yo, a) 

factors through and is taut with respect to that quotient multi-graded resolu- 

tion. 
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Let Q1, . . . ,  Qr be the QH vertex groups in the abelian decomposition associ- 

ated with the top level of the closure Cl(Res)(s, z, y, a). By the same arguments 

used in proving Theorems 1.7 and 2.9, it is possible to modify each multi-graded 

quotient resolution MGQResi  to a resolution that terminates in a multi-graded 

limit group with a multi-graded abelian decomposition containing the entire col- 

lection of surviving QH vertex groups Qi l , . . - ,  Q~,, (Definition 2.8), and these 

surviving QH subgroups are either closed surface subgroups or (in case they 

correspond to punctured surfaces) they are mapped to their images in the sub- 

group < z2, a > in either a rigid or solid multi-graded limit group with respect 

to the subgroups Base , , l , . . . ,  Base~,vl. Furthermore, the surviving QH vertex 

groups Qil . . . .  , Qi,., are subgroups of the non-abelian, non-QH vertex groups, 

the ones stabilized by the subgroups B a s e l 1 , . . . ,  Base~,v~, in all levels above 

the two terminating ones (see Theorem 2.9). 

A basic property of a multi-graded quotient resolution, that was proved for 

the entire resolution (and not just its top part) in Section 1 under the minimal 

rank assumption, is the following property. It is one of the main properties used 

in our approach to validation of an AE sentence. Recall that the complexity 

of a resolution is presented in Definition 1.14 in the minimal rank case, and in 

Definition 3.2 for general resolutions. 

PROPOSITION 4.2: Suppose that the subgroup generated by < y,a > in the 

limit group associated with a multi-graded resolution 

M GQ Res( s, z, y, Base , , l , . . . ,  Base~,,, , a ), 

is isomorphic to the limit group Rlim(y,a)  associated with the resolution 

Res(y, a) with which we started the first step. Then the complexity of each 

of the multi-graded abelian decompositions associated with the various levels of 

the multi-graded resolution 

M a Q  Res( s, z, y, Base~,,, . . . , Base~,,, , a) 

is bounded by the complexity of the abelian decomposition associated with the 

top level of the completion Camp( Res) ( z, y, a). In case of equality, the multi- 

graded resolution MGQRes  can be modified to a resolution that has only one 

level and its structure is identical to the structure of the abelian decomposi- 

tion associated with the top level of the completion Comp(Res)(z ,y ,a)  (see 

Theorems 1.7 and 2.9 for a description of the modi~cation). 

Proof: Since the sequence of abelian decompositions inherited by each of the 

QH vertex groups Q in the abelian decomposition associated with the top level 



92 Z. SELA Isr. J. Math. 

of Res(y,a), from the multi-graded resolution MGQRes,  is compatible with 

the indicated collection of s.c.c, which are mapped to the trivial element in 

the resolution Res(y, a), the (multi-graded) rank of the multi-graded resolution 

MGQRes  is bounded by the multi-graded rank of the free factor that is dropped 

at the top level of the completion Comp(Res)(z, y, a). If the rank of the multi- 

graded resolution MGQRes is strictly smaller than the rank of the free factor 

dropped at the top level of the completion Comp(Res)(z, y, a), the proposition 

follows. If these ranks are equal, the proposition follows from our analysis of 

taut homomorphisms of maximal rank (Theorem 2.9). | 

Proposition 4.2 shows in particular, that if the multi-graded resolution 

MGQRes  does not have a single level with the same structure as the abelian 

decomposition associated with the top level of the completion, 

Comp(Res)(z,y,a),  then the complexity of each of the abelian decomposi- 

tions associated with the various levels of the multi-graded quotient resolution, 

MGQRes,  is strictly smaller than the complexity of the resolution Res(y,a) 
with which we started. A multi-graded quotient resolution, MGQRes,  has few 

other basic properties which are crucial in our approach. Proposition 4.3 is the 

key for constructing our iterative procedure for validation of an AE sentence. 

PROPOSITION 4.3: Let MGQRes be one of the multi-graded quotient resolu- 
tions, for which the subgroup generated by < y, a > in the limit group associated 
with MGQRes  is isomorphic to the limit group Rlim(y, a), associated with the 

resolution Res(y, a). By construction, the original limit group Rlim(y, a) is 
naturally mapped into the limit groups associated with each of the levels of the 
multi-graded quotient resolution M GQ Res. 

Let Qterm(y,a) be the image of Rlim(y,a) in the terminal (rigid or solid) 
multi-graded limit group of MGQRes(s,  z, y, Base l , i , . . . ,  Basel,,1, a). If  the 
limit group Rlim(y,a) is not the (coefficient) free group Fk =< a >, then 

Qterm (y, a) is a proper quotient of Rlim(y, a). 

Proof: If Rlim(y, a) is a free product of free groups, free abelian groups, and 

(closed) surface groups, then Qterrn(y,a) is necessarily a proper quotient of 

Rlim(y, a), unless Rlim(y, a) is the coefficient group Fk. Hence, we may assume 

that the groups Base , , l , . . . ,  Base~,vl are not trivial. 

Let Term(s,  z,y,  a) be the terminal rigid or solid limit group of the multi- 

graded resolution 

M GQ Res( s, z, y, Base l , i , . . . ,  Base~,vl , a ). 
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Let {(8n, Zn, Yn, a)} be a sequence of rigid, or shortest solid specializations of 

the terminal limit group Term(s,z,y,a), that  converge into the limit group 

Term(s,z,y,a). By passing to a subsequence, we may assume that  the se- 

quence {(sn, z,~., Yn, a)} converges into a non-trivial, stable and faithful action 

of Term(s, z, y, a) on a real tree Y, with abelian edge stabilizers. Since the 

sequence of specializations are either rigid or shortest solid, at least one of the 

subgroups Base~,l,..., Base~,,~ is not elliptic when acting on Y. Since the spe- 

cializations used to construct the quotient limit group Qlim(s, z, y, a), and the 

multi-graded resolution, MGQRes, are assumed to be shortest form specializa- 

tions (Definition 4.1), if at least one of the subgroups Basel1, . . . ,  Base~,vl is 

not elliptic, then at least one of the non-abelian, non-QH vertex groups in the 

abelian JSJ decomposition of the original limit group, Rlim(y, a), is not elliptic 

when acting on Y. 

The abelian JSJ decomposition is a universal object that  encodes all possible 

stable, abelian, faithful actions of a group on a real tree. In particular, the 

non-abelian, non-QH vertex groups in the abelian decomposition of Rlim(y, a) 
are elliptic in every stable, faithful action of Rlim(y, a) on a real tree with 

abelian edge stabilizers. Hence, the action of Rlim(y, a) on the real tree Y, via 

the natural map from Rlim(y,a) to Term(s, z,y,a), is not a faithful action. 

Therefore, the image of Rlim(y, a) in Term(s, z, y, a), Qter,~(y, a), is a proper 

quotient of Rlim(y, a). | 

In Section 1 we have started the procedure for validation of a sentence with a 

(minimal rank) modular block, and showed that  the complexities of the various 

(quotient) modular blocks associated with it are strictly smaller than the com- 

plexity of the original modular block. In the general case, we are not able to 

get a reduction in the complexity of the obtained modular blocks in each step 

of our iterative procedure. To "force" the "size" of the set of the remaining 

specializations Yo to actually decrease, we need to associate with each modular 

block information about certain (multi-graded) resolutions and abelian decom- 

positions associated with it together with Zariski closures of some subgroups 

associated with the modular block. To carry all the information attached to 

a modular block, we associate a d a t a  s t r u c t u r e ,  and (canonical) resolutions 

which we call d e v e l o p i n g  r e so lu t ions ,  with each of the quotient resolutions 

QRes(s, z, y, a) which are associated, or rather derived, from the various multi- 

graded quotient resolutions 

M GQ Res( s, z, y, Base,,l, . . .  , Base~,v~ , a). 
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We construct the d a t a  s t r u c t u r e  and developing resolutions iteratively. 

We start  with the multi-graded quotient resolution 

M GQ Res( s, z, y, Base,,l , . . .  , Base~,v~ , a) 

and continue with Zariski closures and (multi-graded) resolutions of (the image 

of) various subgroups of the completion Comp(Res)(z, y, a) inherited from the 

multi-graded quotient resolution M GQ Res( s, z, y, Basel1 , . . . ,  Base~,~ , a) and 

(multi-graded quotient) resolutions derived from it. We describe the iterative 

procedure for constructing the d a t a  s t r u c t u r e  and d e v e l o p i n g  resolutions 
starting with the first step, the second step, and then the general step. 

(1) Let Rlim(y, a) be the restricted limit group with which we have started. 

Let Q(y, a) be the limit group generated by < y, a > in the limit group 

associated with the multi-graded quotient resolution 

M GQ Res( s, z, y, Basel , i , . . . ,  Base~,vl , a ). 

(2) 

If Q(y, a) is a proper quotient of the subgroup Rlim(y, a), we continue this 

branch of the iterative procedure by replacing the limit group Rlim(y, a) 
by Q(y, a), and continue with the finite collection of resolutions that  ap- 

pear in the taut  Makanin-Razborov diagram of the limit group Q(y, a) in 

the same way we handled the resolutions in the taut  Makanin-Razborov 

diagram of Rlim(y, a). Note that  this is always the case if the limit group 

we started with, Rlim(y, a), is a free product of a free group and some 

(closed) surface groups. 

At this stage we may assume that  Q(y, a) is isomorphic to Rlim(y, a). In 

this part  we will also assume that  the multi-graded quotient resolution 

M GQ Res( s, z, y, Basel, i , . . . ,  Base~,~l , a) is not of maximal complexity, 

i.e., that  the complexities of the abelian decompositions associated with 

its various levels are strictly smaller than the complexity of the abelian 

decomposition associated with the top level of the resolution Res(y, a). 
To continue handling a multi-graded quotient resolutions 

M GQ Res( s, z, y, Basel , i , . . . ,  t ~ a s e l  y l  , a) 

which is not of maximal complexity, we need the following observation. 

PROPOSITION 4.4: Let MGQRes(s, z, y, Base, , l , . . . ,  Base~,~l, a) be a multi- 
graded quotient resolution which is not of maximal complexity. By construc- 
tion, the original limit group Rlim(y, a) and the subgroup QRlim(s, z, y, a) are 
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mapped into the limit group M GQlim2( s, z, y, Base , , l , . . . ,  Base~,Vl , a) associ- 
ated with the second level of the multi-graded quotient resolution 
MGQRes(s ,z ,y ,  Base~,l , . . . ,Base~,, , ,a).  Let Q2(y,a) and Q2(s,z,y,a) be 
the images of Rlim(y,a) and QRlim(s ,z ,y ,a)  in the limit group 
MGQlim2(s,z ,y ,  Base~l . . . ,Base~,vl,a ). Then Q2(y,a) is a quotient of 
Rlim(y,a), and Q2(s,z,y,a) is a proper quotient of the subgroup 
QRlim(s, z, y, a). 

Proof." The proposition is simply a property of a multi-graded resolution. | 

By Proposition 4.4, either the image of Rlim(y, a) in the limit group asso- 

ciated with the second level of M GQ Res( s, z, y, Basel , i , . . . ,  Basel ~, , a ) , 
Q2(y,a), is a proper quotient of Rlim(y,a), or the image of 

QRlim(s, z, y, a) in the limit group associated with the second level of 

MGQRes, Q2(s, z, y, a), is a proper quotient of QRlim(s, z, y, a). 
Suppose that the subgroup Q2(y, a) is a proper quotient of Rlim(y, a). 

Let QResl (y, a) , . . . ,  QResq(y, a) be the resolutions in the taut Makanin 

Razborov diagram of Q2(y, a). We continue with each of the resolutions 

QResi(y, a) separately and omit its index. With the resolution QRes(y, a) 
we associate a resolution CRes(y, a), where CRes(y, a) is composed from 

two parts, the top being the resolution induced (using the construction of 

the induced resolution presented in Section 3) by the subgroup < y, a > 

from the completion of the top level of the multi-graded quotient resolu- 

tion 

M aO Res( s, y, Base l1 , . . . ,  Base ,Vl , a) 

and the tail being the resolution QRes(y, a). (Note that by the construc- 

tion of the induced resolution, the terminal subgroup of the resolution 

induced by the subgroup < y, a > from the completion of the top level 

of the multi-graded resolution MGQRes,  is naturally embedded into a 

subgroup of Q2(y, a) (see Lemma 3.6); hence the top and the tail of the 

resolution CRes can be naturally glued (amalgamated) together.) By the- 

orem 1.18 of [Se2J, with the resolution CRes(y, a) we can associate a set 

of closures 

Cll (CI~es)(u, y, a), . . . , Cld(Cf~es)(?s y, a) 

and for each closure a corresponding formal solution defined over it. We 

continue with each of these closures in parallel. 

If the subgroup generated by < y, a > in a closure, Cl(CRes)(u, y, a), 
is a proper quotient of the limit group Rlim(y, a) with which we started, 
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we replace the particular closure by starting the first step of the procedure 

with the subgroup generated by < y, a > in it. Hence, for the continuation 

we can assume that  the subgroup generated by < y, a > in the closure is 

isomorphic to the limit group Rlim(y,  a) with which we started. 

Fixing a closure, Cl(CRes)(u,  y, a), we set the d e v e l o p i n g  r e s o l u t i o n  

to be that  closure. With the closure, Cl(CRes)(u,  y, a), there is an asso- 

ciated formal solution x(u, y, a) defined over it. We further set the anvi ls  

associated with the developing resolution to be the (canonical) finite set of 

maximal limit quotients of the group obtained as the amalgamated prod- 

uct of the completion of the developing resolution and the completion of 

the top level of the multi-graded resolution 

M GQ Res( s, z, y, Base~,D . . . , B a s e l  vl , a), 

amalgamated along the top part  of the developing resolution, which was 

set to be the resolution induced by the subgroup < y ,a  > from the 

top level of MGQRes .  We denote each of the (finitely many) anvils 

Anv(MGQRes )  (w, y, a). Note that  the completion of the developing res- 

olution is canonically mapped into the anvil, hence the formal solution 

defined over the developing resolution can be naturally defined over the 

anvil. 

QResf " I I 
:) I MGQRes 

Suppose that  Q2(y, a) is isomorphic to Rlim(y,  a). In this case we continue 

to the next levels of the multi-graded quotient resolution 

M GQ Res( s, z, y, Base~,D . . . , Base~,vl , a). 

By Theorem 4.3, we are guaranteed that  at some level j of MGQRes ,  the im- 

age of Rlim(y,  a) in the limit group associated with the j - th  level of MGQRes ,  
Qj(y, a), is a proper quotient of Rlim(y,  a). At this point we continue in a simi- 

lar way to what we did in case Q2 (y, a) is a proper quotient of Rlim(y,  a). We as- 

sociate with Qj (y, a) the resolutions that  appear in its taut  Makanin-Razborov 

diagram. With each such resolution, we associate a resolution obtained from 
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the resolution induced by the subgroup < y, a > (according to the construction 

presented in Section 3) from the completion of the resolution obtained from the 

levels of the multi-graded resolution MGQRes that  lie above the j - th  level, con- 

tinued with the given resolution from the taut  Makanin-Razborov diagram of 

Qj (y, a). By the generalized Merzlyakov's theorem (theorem 1.18 in [Se2]), with 

each of the obtained resolutions one can associate a covering closure, where on 

each closure a formal solution is defined. We set the developing resolutions to 

be the closures in the given covering closures. With each developing resolution 

we associate a finite set of anvils. We set the anvils to be the maximal limit quo- 

tients of the subgroup obtained as the amalgamated product  of the completion 

of the developing resolution and the completion of the multi-graded resolution 

MGQRes amalgamated over their common part,  i.e., over the resolution in- 

duced by the subgroup < y, a > from all levels of the multi-graded resolution 

MGQRes, that  lie above the j - th  level (including the j - th  level itself). With 

the anvil, Anv(MGQRes)(w,y, a), we associate the formal solution x(w,y, a) 
that  was defined over the developing resolution, as we did in case Q2(y, a) is a 

proper quotient of Rlim(y, a). 

I Q,(y,a) I " 

q QR:im ] 

I MGlimj I MGQRes  

(3) By part  (1) we may assume that  Q(y, a) is isomorphic to Rlim(y, a). Part  

(2) treats the case in which the multi-graded quotient resolution 

M GQ Res(s, z, y, Basel,i , . . . ,  Base~,vl , a) 

is not of maximal complexity. Hence, the only case left in presenting the 

first step of our general procedure for validation of a sentence is the case 

of a multi-graded quotient resolution 

M GQ Res( s, z, y, Base,,l, . . .  , Base~,vl , a) 

of maximal possible complexity, i.e., a multi-graded quotient resolution 

MGQRes(s, z, y, Basel,i , . . . ,  Basel,v1, a) consists of a single level, and 



98 z. SELA Isr. J. Math. 

the abelian and QH vertex groups that  appear in the abelian decom- 

position associated with this level are identical to those that  appear in 

the abelian decomposition associated with the top level of the closure, 

Cl(Res)(z,y, a), with which we started this step. 

We treat  this case as we treated it in the minimal rank case. In case 

the abelian decompositions associated with MGQRes and the top level 

of Res(y, a) are identical (in the sense indicated above), we use the mod- 

ular groups associated with the abelian decomposition associated with 

MGQRes to map the subgroup Rlim(y,a) into the limit group associ- 

ated with the second level of Res(y,a), < z2,a >, which is naturally 

mapped into the quotient limit group QRlim(s, z, y, a). We now set the 

subgroups Base, , l , . . . ,  Basel,t1 to be the subgroups corresponding to the 

non-abelian, non-QH vertex groups and edge groups in the multi-graded 

abelian decomposition associated with the second level of the closure 

Cl(Res)(s, z,y, a) with which we started the first step. 

Since the quotient limit group we started with, QRlirn(s, z, y, a), is a 

proper quotient of the closure, CI(Res)(s, z,y,a), and since the abelian 

decomposition associated with the (only) level of 

M aQ Res(s, z, y, Base, , l , . . . ,  Base~,v, , a) 

is identical to the abelian decomposition associated with the top level 

of Cl(Res)(s, z, y, a), the subgroup QRlim2(s, z, y, a), which is the sub- 

group generated by < s2, z2, . . . ,  se, ze, a > in QRlim(s, z, y, a), is a proper 

quotient of its corresponding preimage in the closure Cl(Res)(s, z, y,a). 
Hence, at this point we can analyze the quotient limit group 

QRlim2(s, z, y, a) 

with respect to the subgroups Base,, l , . . .  ,Basel,t1 exactly as we ana- 

lyzed the quotient limit group QRlirn(s, z, y, a) with respect to the sub- 

groups Ba.se~ l . . . ,  Basel,v1, i.e., we associate with Q Rlim2( s, z, y, a) all 

its multi-graded quotient resolutions with respect to the subgroups 

Ua8el,1,... ,Ba8eltl 

which are its subgroups, and analyze each of the obtained multi-graded 

quotient resolutions according to parts (1)-(2) and the above portion of 

part  (3). If the multi-graded abelian decomposition associated with a 

multi-graded quotient resolution of QRlim2(s, z, y, a) with respect to the 
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subgroups Base~,l,...,Base~,tl is of maximal possible complexity, i.e., 

if part (3) applies to an obtained quotient multi-graded resolution, we 

continue by analyzing multi-graded quotient resolutions of the quotient 

limit group QRlim3(s, z, y, a) with respect to the subgroups 

Basel l,...,Basel~.4. 

As long as the multi-graded abelian decompositions associated with the 

constructed graded quotient resolutions are of maximal possible complex- 

ity, we continue analyzing multi-graded quotient resolutions associated 

with various level of the resolution Res(y, a) we started with, until one 

of the parts (1)-(2) applies to the corresponding multi-graded quotient 

resolution. At the level that one of the parts (1) (2) applies, we first con- 

struct a resolution composed from the resolution induced by the subgroup 

< y, a > from the parts of the resolution above that level, followed by the 

(developing) resolution associated with that level according to one of the 

parts (1)-(2). By the generalized Merzlyakov's theorem (theorem 1.18 in 

[Se2]), one is able to associate a covering closure with the obtained reso- 

lution, and with each closure one further associates a formal solution. We 

set each of the closures in the obtained covering closures to be a devel- 

oping resolution. With each of the developing resolutions we associate a 

finite collection of anvils, Anv(MGQRes)(w, y, a), that are set to be the 

maximal limit quotients of the group obtained as the amalgamated prod- 

uct of the given developing resolution and the completion of the multi- 

graded resolution associated with the relevant level, amalgamated along 

their common part, i.e., the resolution induced by the subgroup < y, a > 

from the constructed completion. With the developing resolution and its 

associated anvil, we naturally associate a formal solution, x(w, y, a), as we 

did in part (2). 

De~nition 4.5: Starting with the limit group QRlim(s, z,y, a), the procedure 

for the construction of the data structure and developing resolutions produces 

finitely many multi-graded quotient resolutions of QRlim(s, z, y, a) and some of 

its quotients. With each such multi-graded quotient resolution the procedure 

associates a developing resolution, and with each developing resolution it asso- 

ciates an anvil. We call the entire collection of the original limit group Rlirn(y, a) 
and the resolution Res(y, a) we started with, the closure Cl(Res)(s, z, y, a), aux- 

iliary multi-graded together with the quotient limit group QRlim(s, z, y, a), its 

chosen quotient and multi-graded quotient resolution, the associated developing 
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resolution, and the associated anvil, the da t a  s t ruc ture .  

We continue to the second step of the iterative procedure for validation of a 

sentence, with each of the data structures and its associated developing resolu- 

tion, anvil, and the formal solution defined over the anvil that was constructed 

using theorem 1.18 of [Se2]. 

II. The  second step. In the first step of the general iterative procedure for 

validation of a sentence, we used formal solutions defined over the entire set of 

y's, and then formal solutions defined over closures of the various resolutions of 

the "remaining" limit groups Rliml(y, a),. . . ,  Rlimm(y, a). These formal solu- 

tions left us with the quotient limit groups QRlim(s, z, y, a) and their various 

multi-graded quotient resolutions. For presentation purposes, we present the 

second step of the iterative procedure. Later on we present the general step of 

the iterative procedure, and finally obtain its termination. 

Since each of the remaining specializations of the variables y factors through 

at least one of the anvils and its associated developing resolution, we start the 

second step of the iterative procedure with the (canonical) finite set of anvils. 

Since we treat the anvils in parallel, we present the second step of the procedure 

with one of the anvils Anv(MGQRes)(w, y,a). 
With each anvil we have associated a formal solution x(w,y, a) that sat- 

isfies the properties listed in theorem 1.18 of [Se2]. Starting with the anvil 

Anv(MGQRes)(w,y,a), We look at the set of specializations (wo,Yo,a) that 

factor through and are taut and shortest form (see Definition 4.1) with respect to 

the multi-graded resolution associated with the anvil Anv(GMQRes)(w, y, a), 

and factor through and are taut and shortest form with respect to the develop- 

ing resolution, for which for some index j, Cj(X(wo,Yo, a),y0, a) = 1. Clearly, 

for any element Yo E Fk that cannot be extended to such shortest form special- 

ization, the (finite) set of formal solutions defined in the initial and first steps 

already prove the validity of our given sentence. Hence, in the next steps of our 

iterative procedure it is enough to study the collection of these shortest form 

specializations. 

If we fix the index j of the equation ~j(x, y, a) = 1, then the entire collection 

of shortest form specializations (w0, Y0, a) that satisfy the corresponding system 

of equations is contained in a finite set of maximal (second quotient) limit groups 

Q2Rliml(w, y, a ) , . . . ,  Q2Rlim~j (w, y, a). Since our analysis of these (second) 

quotient limit groups is conducted in parallel, we will omit the indices from 

these (second) quotient limit groups and denote them Q2Rlim(w, y, a). 
We construct the da t a  s t ruc tu re  and developing resolut ions associated 
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with the anvil and the (second) quotient limit group Q2Rlim(w, y, a) iteratively, 

similarly to the way we have analyzed quotient resolutions in the first step of 

the procedure, though in a somewhat modified way. The analysis we carry 

out in the second step depends on the structure of the data  structure and the 

developing resolution constructed in the first step of the procedure, in addition 

to various possibilities parallel to the ones handled in the first step. As in the 

first step of the procedure, our aim is to obtain a strict decrease in either the 

Zariski closure or the complexity of the resolution associated with some level of 

the data  structure we construct. 

(1) Let Q(y, a) be the restricted limit group generated by < y , a  > in the 

anvil Anv(MGQRes)(w, y,a). Let Q2(y, a) be the limit group generated 

by < y, a > in the second quotient limit group Q2Rlim(w, y, a). If Q~ (y, a) 

is a proper quotient of the subgroup Q(y, a), we continue this branch of 

the iterative procedure by replacing the limit group Q(y, a) by Q~(y, a), 

and continue with the finite collection of resolutions that  appear in the 

taut  Makanin-Razborov diagram of the limit group Q2 (y, a) in the same 

way we handled the resolutions in the taut  Makanin Razborov diagram 

of the original limit group Rlim(y, a). Note that  this is always the case if 

the limit group Q(y, a) was a free group. 

(2) At this stage we may assume that  Q2(y,a) is isomorphic to Q(y,a). In 

this part  we assume that  the multi-graded quotient resolution 

MGQRes(s z, y, Basel,i,..., Base~,vl, a) 

with which the anvil, Anv(MGQRes), is associated, is of maximal possible 

complexity. Let 

MGQ2 Resl (w, y,Base~,l, . . . , Base~,v, , a ) , . . . ,  

MGQ2 ReSq(W, y, Basel,i,..., Basel,v1, a) 

be the multi-graded resolutions in the multi-graded taut  Makanin- 

Razborov diagram of QeRlim(w,y,a) with respect to the subgroups 

Base,,l,..., Base~,vl. We will treat  the multi-graded quotient resolutions 

M GQ2 Resj (w, y, Base,,l,..., Basel,v1, a) 

in parallel, hence we omit their index. 

By Proposition 4.2, the complexities of the abelian decompositions as- 

sociated with the various levels of each (second) multi-graded quotient res- 

olution MGQ2Res(w,y, Base,,l,... , Base~,v~a ) is bounded by the com- 

plexity of the multi-graded quotient abelian decomposition associated with 
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(3) 

the top level of M G Q R e s ( s ,  z, y, Base~ ,D. . .  , Base~,vl , a), and if the com- 

plexity of the abelian decomposition associated with some level of 

M a O 2  n e s ( w ,  y, B a s 4 , 1 ,  . . . , B a s e l  vl, a) 

is equal to the complexity of the abelian decomposition associated with 

the top level of M G Q R e s ( s ,  z, y, B a s e l , 1 . . . ,  Base~,vl,  a), then the second 

quotient resolution 

M a Q e  Res (w ,  y, Base~,, ,  . . . , Base~,Vl  , a) 

has only one level above the terminating solid or rigid limit group, and the 

structure of the abelian decomposition associated with this level is iden- 

tical to the structure of the abelian decomposition associated with the 

top level of M G Q R e s ( s ,  z, y, B a s e , , l , . . . ,  Base~,v~, a). In this part  of the 

second step of the procedure we will also assume that  the complexities of 

the abelian decompositions associated with the various levels of the second 

quotient multi-graded resolution M GQ 2 Res  (w, y, Base  1,1, �9 �9 �9 Base,,v1, a) 

are strictly smaller than the complexity of the abelian decomposition as- 

sociated with the top level of the multi-graded quotient resolution 

M G Q R e s ( s ,  z, y, B a s e ~ , l , . . . ,  Base~ ~ a) 

associated with the anvil. In this case we treat  the (second) multi-graded 

resolution M G Q 2 R e s ( w ,  y, B a s e l , i , . . . ,  B a s e l , ~ ,  a) as in part (2) of the 

first step of the procedure, and associate with it finitely many anvils, which 

we denote A n v ( M G Q 2 R e s ) ,  and with each anvil we associate a developing 

resolution precisely as we did in part (2) of the first step of the procedure. 

At this stage we may assume that  Q2(y ,a)  is isomorphic to Q(y ,a ) .  In 

this part  we assume that  the multi-grMed resolution 

M GQ Res(  s, z, y, B a s e l , l , . . . ,  Base~,Vl , a) 

is not of maximal complexity. Let Base~ , l , . . . ,Base2 ,v2  be the non- 

abelian, non-QH vertex groups in the multi-graded abelian decomposition 

associated with the top level of the anvil, A n v ( M G Q R e s ) ( w , y ,  a). Note 

that  the subgroups B a s e , , l , . . . ,  Base~,~ ,  which are all subgroups of the 

closure Cl (Res ) ( s ,  z , y ,  a), are naturally mapped into conjugates of the 

subgroups Base~,l  , . . . , Base~,v2. Let 

M GQ2 ReSl  (w, y,Base2,1, . . . , Base2,v2, a), . . . , 

M G Q 2  ReSq(W, y, Base~,l ,  . . . , Base2,v2, a) 
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be the resolutions in the taut Makanin-Razborov diagram of the limit 

group Q2Rlirn(w, y, a) with respect to the subgroups 

Base~,l , . . . , Base~,, 2. 

As in the first step of the iterative procedure, we do not really need to 

consider all the multi-graded resolutions in this taut  Makanin-Razborov 

diagram, but only those that  are compatible with the indicated collections 

of s.c.c, that  are being mapped to the trivial element on each of the QH 
vertex groups in the multi-graded resolution 

M GQ Res( s, z, y, Base l , i , . . . ,  BaSel vl,a) 

with which we started this branch of the second step. Since we treat  these 

multi-graded quotient resolutions in parallel, we will omit their indices in 

the sequel. 

Let MGQ2Res(w,y ,  Base , , l , . . .  , Base~,,2 , a) be one of these multi- 

graded quotient resolutions. Let Q(s, z, y, a) be the subgroup generated by 

< s, z, y, a > in the anvil Anv(MGQRes)  (w, y, a), and let Qz (s, z, y, a) be 

the subgroup generated by < s, z, y, a > in the limit group corresponding 

to the multi-graded quotient resolution 

M GQ2 Res(w, y, Base , , l , . . . ,  Base~,,2, a). 

By construction, Q2(s, z, y, a) is a quotient of Q(s, z, y, a). If Q2(s, z, y, a) 

is a proper quotient of Q(s, z, y, a), we replace the multi-graded quotient 

resolution 

MGQ2Res(w,  y, Base , , l , . . .  Base~ ,2, a) 

by starting the first step of the procedure with the subgroup generated by 

< s, z, y, a > in the completion of 

M GQ~ Res( w, y, Base~,l , . . . , Base~ v2 , a) 

Q2(s, z, y, a). Since the multi-graded quotient resolution 

MVORes ( s ,  z, y, Basel  i , . . . ,  Base~,vl , a) 

we started with is not of maximal possible complexity, in analyzing the 

limit group Q2(s ,z ,y ,a)  we treat  only those multi-graded resolutions 

M G Q R e s j  (s, z, y, Base , , l , . . .  , Base~,,1 , a) which are not of maximal pos- 

sible complexity, i.e., we do not (need to) treat  those multi-graded quotient 



104 Z. SELA Isr. J. Math .  

(4) 

resolutions of Q2(s, z, y, a) which have only one level above the terminat- 

ing rigid or solid limit group, and the structure of the abelian decomposi- 

tion associated with that  level is identical to the structure of the abelian 

decomposition associated with the completion, Comp(Res)(z, y, a), with 

which we started. 

With the notation of part (3), in this part we assume that  the multi-graded 

quotient resolution MGQRes(s,  z, y, Basel,~, . . . ,  Base~,vl,a) is not of 

maximal possible complexity, and that  for our given second quotient res- 

olution MGQ2 Res(w, y Base~ 1, . . . ,  Base~,v2, a), the corresponding sub- 

group Q2(s, z,y, a) is isomorphic to Q(s, z,y, a). In this part we assume 

that  the (second) graded quotient resolution 

MGQ2 Res(w, y, Base , , l , . . . ,  Base~,v2, a) 

is not of maximal possible complexity, i.e., it does not have a single level 

with a (multi-graded) abelian decomposition that  contains similar QH 
and abelian vertex groups as the ones that  appear in the abelian decom- 

position associated with the top level of the multi-graded quotient res- 

olution M GQ Res( s, z, y, Basel , i , . . .  , Basel,v1, a ). The case of maximal 

complexity will be treated in the next part. To treat a (second) multi- 

graded quotient resolution which is not of maximal possible complexity, 

we need the following observation, which is similar to Proposition 4.3. 

LEMMA 4.6: Let MGQ2Res(w, y, Base , , l , . . . ,  Base,,v2, a) be one of the multi- 
graded quotient resolutions in our list of second multi-graded quotient res- 

olutions, and suppose that MGQ2Res is not of maximal complexity. Let 
MGQ21imterm(W, y, a) be the terminal rigid or solid limit group of the multi- 
graded quotient resolution MGQ2Res, and let Q2term(S , z, y, a) be the image of 

2 8 Q2(s, z, y, a) in the limit group MGQ21imterm(w, y, a). Then Q t e r m (  , z ,  y ,  a) 
is a proper quotient of Q2 (s, z, y, a). 

Proof: The proof is similar to the proof of Proposition 4.3. If Ql(s, z, y, a) is 

a free product of free groups, free abelian groups, and (closed) surface groups 

(and not the coefficient group Fk, in which case the procedure terminates), 

Q2(s, z, y, a) must be a proper quotient of Ql(s, z, y, a) and part (1) or part 

(3) of the second step forces us to restart the procedure with Q2(s, z,y,a) or 

Q2(y, a). Hence, we may assume that  the groups Base , , l , . . . ,  Base,,v2 are not 

trivial. 
2 a 2 Clearly, since Qte~m(Y, ) < Qte~m(S,z,Y,a), to prove the Iemma we may 



Vol. 143, 2 0 0 4  DIOPHANTINE GEOMETRY OVER GROUPS IV 105 

assume that  2 Qte~m(Y, a) is isomorphic to Q2(y, a), which is assumed to be iso- 

morphic to Ql(y, a) by part  (1). 

Let Term(w, y, a) be the terminal rigid or solid limit group of the multi-graded 

resolution 

M GQ Res(w, y, Base,,l , . . . ,  Base~,v~, a). 

Let {(Wn,Yn,a)} be a sequence of rigid, or shortest solid specializations of 

the terminal limit group Term(w, y, a), that  converge into the limit group 

Term(w, y, a). By passing to a subsequence, we may assume that  the se- 

quence {(wn, Yn, a)} converges into a non-trivial, stable and faithful action of 

Term(w, y, a) on a real tree Y, with abelian edge stabilizers. Since the sequence 

of specializations are either rigid or shortest solid, at least one of the subgroups 

Base~,l,... , Base~,v2 is not elliptic when acting on Y. 
2 a Since Qterm(Y, ) is assumed to be isomorphic to Ql(y,a), every 

non-abelian, non-QH vertex group in the abelian JSJ decomposition of 
2 Qtr fixes a point in Y, and since we assume that  the specializations 

of the subgroup Q2(s, z, y, a) -- Ql(s, z, y, a) are shortest form, the subgroups 

Base,,l, . . .  , Basel%v1 are all elliptic when acting on Y. 

Since the specializations used to construct the quotient limit group Q2 (w, y, a) 

and the multi-graded resolution, MGQRes, are assumed to be shortest form 

specializations (Definition 4.1), if all the subgroups Base~,l,..., Base~,vl are el- 

liptic when acting on Y and Q2(s, z, y, a) is isomorphic to Q1 (s, z, y, a), then all 

the non-abelian, non-QH vertex groups in the multi-graded abelian JSJ decom- 

position of Q2(s, z, y, a) with respect to the subgroups Base~,l,... , Base~,vl are 

elliptic when acting on Y, and therefore all the subgroups Base~,l,..., Base~,v: 
are elliptic when acting on Y, a contradiction. | 

By Lemma 4.6, the image of Q2(s,z,y,a) in the terminal rigid or solid 

limit group MGQ2limt~r,~(w, y, a) of MGQ2Res is a proper quotient of 

Q2(s,z,y,a). To continue our treatment of the (second) multi-graded 

resolution MGQ2Res we need the following observation, which is similar 

to Proposition 4.4. 

LEMMA 4.7: Let MGQ2Res be a (second) multi-graded quotient resolution 
from our list of (second) quotient multi-graded resolutions, and suppose 
MGQ2 Res is not of maximal complexity. Let 

Q2(y, a), Q2(s, z, y, a), Q2(w, y, a) 

be the subgroups generated by 

< y,a > , <  s,z ,y,a > , <  w,y,a > 
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in correspondence, in the limit group associated with the second multi-graded 
quotient resolution MGQ2Res. Let Q~(y, a), Q~(s, z, y, a), Q~(w, y, a) be the 
images in the Bruit group associated with the second level of MGQ2Res, 

MGQ2lim2(w, y, a), 

of the subgroups Q2(y, a), Q2(s, z, y, a), Q2(w, y, a) in correspondence. Then 
Q~(y, a) is a quotient of Q2(y, a), Q~(s, z, y, a) is a quotient of the subgroup 
Q2 (s, z, y, a), and Q~ (w, y, a) is a proper quotient of the subgroup Q2 (w, y, a). 

Proof: The claim is simply one of the basic properties of a multi-graded 

resolution. | 

Suppose that  the subgroup Q~(y, a) is a proper quotient of Q2(y, a). In 

this case we continue as we did in part (2) of the first step. Let 

QResl (y, a), . . . , QResq(y, a) 

be the resolutions in the taut  Makanin Razborov diagram of Q2(y, a). 
We continue with each of the resolutions QResi(y, a) separately, so we 

omit its index. With the resolution QRes(y,a) we associate a resolution 

CRes(y,a), where CRes(y,a) is composed of two parts, the top being 

the resolution induced (according to the construction presented in Section 

3) by the subgroup < y, a > from the completion of the top level of the 

second multi-graded quotient resolution 

M GQ2 Res(w, y, Base, , l , . . . ,  Base~,v2, a), 

and the tail being the resolution QRes(y, a). By theorem 1.18 of [Se2], 

with the resolution CRes(y, a) we can associate a set of closures 

Cll (CRes)(u, y, a), . . . ,  Cld(CRes)(u, y, a) 

and for each closure a corresponding formal solution defined over it. We 

continue with each of these closures in parallel. 

If the subgroup generated by < y, a > in one of these closures is a 

proper quotient of the limit group Q2(y,a) with which we started, we 

replace the particular closure by starting the first step of the procedure 

with the subgroup generated by < y, a > in it. Hence, for the continuation 

we can assume that  the subgroup generated by < y, a > in a closure is 

isomorphic to the limit group Q2 (y, a) with which we started. 
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Fixing a closure Cl(u,y,a) ,  we set the developing resolution to be 

that closure. With the closure Cl(u, y, a), there is an associated formal 

solution x(u ,y ,a)  according to theorem 1.18 of [Se2] that we associate 

with the developing resolution. We further set finitely many anvils asso- 

ciated with a developing resolution to be the maximal limit quotients of 

the amalgamated product of the completion of the developing resolution 

and the completion of the top level of the (second) quotient multi-graded 

resolution M GQ2 Res(w, y, Base~,l , . . . , Base~,v2 , a), amalgamated along 

the resolution induced by the subgroup < y,a  > from the top level of 

completion of the nmlti-graded resolution MGQRes ,  and denote them 

Anv(MGQ'2Res)(w, y, a). Note that the developing resolution is canon- 

ically mapped into the anvil, hence the formal solution defined over the 

developing resolution can be naturally defined over the anvil. 

f l  -2 " ---- 
[ [ Q~(y,a)1-- - [  ~ ~MGQRes  

) QRes 

Suppose that Q~(y, a) is isomorphic to Q2(y, a), and Q~(s, z, y, a) is a 

proper quotient of Q2 (s, z, y, a). 

With the subgroup Q~(s, z, y, a), we associate the multi-graded reso- 

lutions that appear in its multi-graded taut Makanin-Razborov diagram 

with respect to the subgroups Base~, l , . . . ,  Base~,v 1 : 

M GQ Resl (s, z, y,Basel,1, . . . , Basel,v1 , a ) , . . . ,  

M GQ Rest( 8, z, y, Base , , l , . . .  , Basel,vl , a). 

We continue with each of the multi-graded resolutions M G Q R e s j  in 

parallel. 

Suppose that a multi-graded quotient resolution MGQRes j  is of max- 

imal possible complexity, i.e., it consists of one level with an abelian de- 

composition which has the same QH and abelian vertex groups as in 

the abelian decomposition associated with the top level of the resolu- 

tion Res(y,a).  The group Q~(s,z ,y ,a)  is naturally mapped into the 

limit group Q2Rlim(MGQResd)(S,  z ,y ,a)  corresponding to the multi- 

graded resolution MGQRes j .  Since Q~(s,z ,y ,a)  is a proper quotient 



108 Z. SELA Isr. J. Math. 

of Q2(s,z,y,a) by our assumption, and since the multi-graded resolu- 

tion MGQResj is of maximal possible complexity, and since limit groups 

are residually finite, so they are necessarily Hopf, the image of the sub- 

group Zlim2 associated with the second level of the (original) closure, 

Cl (Res)(s, z, y, a), in the limit group associated with the multi-graded res- 

olution MGQResj is necessarily a proper quotient of the image of Zlim2 
in Q2Rlim(w,y, a). Hence, we can replace the resolution MGQResj by 

starting the first step of the procedure with the subgroup generated by 

< s, z, y, a > in the limit group corresponding to the resolution induced 

by the subgroup < s, z, y, a > from the top level of the multi-graded quo- 

tient resolution M GQ2 Res(w, y, Base2,1,..., Base,,v2 , a) continued with 

the resolution MGQResj, which is necessarily a proper quotient of the 

limit group QRlim(s, z, y, a) with which we started. As we remarked in 

part  (3), we need to t reat  only those multi-graded resolutions of the limit 

group < s, z, y, a > that  are not of maximal possible complexity. 

If the subgroup generated by < s, z,y, a > in the limit group corre- 

sponding to the graded resolution CResj (u, y, a), where CResy (u, y, a) is 

the multi-graded resolution obtained from the resolution induced by the 

subgroup < s, z, y, a > from the top level of the completion of the multi- 

graded resolution M GQ2 Res(w, y, Base~,l , . . . , Base~,v2 , a), followed by 

the multi-graded resolution M GQ Resj ( s, z, y, Basel , i , . . . ,  Base~,vl , a), is 

a proper quotient of Q2(s, z, y, a), we replace the multi-graded resolution 

MGQResj by starting the first step of the procedure with the subgroup 

generated by < s, z, y, a > in the limit group corresponding to the res- 

olution CResj(u,y,a), and treat  only those multi-graded resolutions of 

this limit group that  are not of maximal possible complexity. Hence, we 

may assume that  for the rest of this part,  the subgroup generated by 

< s ,z ,y ,a  > in the limit group corresponding to CResj(u,y,a) is iso- 

morphic to Q2(s, z, y, a). In particular, we may assume that  each of the 

multi-graded resolutions MGQResj in question is not of maximal possible 

complexity. 

We now treat  each of the multi-graded resolutions 

M GQ Resj(s, z, y, Base, , l , . . . ,  Base~,,1, a) 

and their associated resolutions CResj(u,y,a) in a similar way to our 

t reatment  of multi-graded quotient resolutions in the first step of the pro- 

cedure. Every QH vertex group Q in the abelian decomposition associated 

with the top level of the resolution Res(y, a) with which we started this 
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branch of the procedure inherits a sequence of abelian decompositions 

from the various levels of the resolution CResj (u, y, a). Since the reso- 

lution Res(y,a) is well-separated, with each such Q H  vertex group Q, 

there is an associated collection of s.c.c, that  are mapped into the triv- 

ial element in the next level of the multi~graded resolution. If for some 

such QH vertex group Q, its sequence of inherited abelian decompositions 

is not compatible with its associated collection of s.c.c, that  are mapped 

into the trivial element in the next level of the resolution Res(y, a), we 

omit the multi-graded resolution MGQResj from our list of multi-graded 

resolutions. Hence, for the rest of this part we assume the resolution 

CResj (n, y, a) is compatible with the collections of s.c.c, associated with 

each of the Q H  vertex groups in the abelian decomposition associated 

with the top level of the resolution Res(y, a). 
At this point we apply the procedure presented in part  (2) of the first 

step of our iterative procedure, and associate with the multi-graded reso- 

lution CResj (obtained from the resolution MGQResj) a finite collection 

of anvils and developing resolutions. Given a developing resolution, and 

an anvil associated with it (constructed according to part (2) of the sec- 

ond step), associated with the resolution CResj, we set the developing 

resolution associated with the multi-graded resolution 

M GQ2 Res(w, y, Base~ l . . . ,  Base~,v2, a) 

to be the developing resolution associated with CResj. With the de- 

veloping resolution, we associate a finite collection of anvils, denoted 

Anv(MGQ2Res)(w, y, a), that  are set to be the (finite collection of) max- 

imal limit quotients of the group obtained as the amalgamated product 

of the completion of the top level of the (second) multi-graded quotient 

resolution MGQ2Res, with the anvil associated with CResj, along the 

subgroup Q~(s, z,y, a) that  is naturally mapped into both. With the de- 

veloping resolution we associate a formal solution constructed according 

to theorem 1.18 of [Se2], that  is naturally defined over the anvil as well. 

We still need to treat  the case in which both Q~(y,a) is isomorphic 

to Q2(y,a) and Q~(s,z,y,a) is isomorphic to Q2(s,z,y,a). In this case, 

we just continue to the next level of the multi-graded quotient resolu- 

tion M GQ2 Res(w, y, Baseg,1, . . . , Baseg,v2 , a), and proceed with the same 

analysis we applied for the top level of this multi-graded resolution. By 

Lemma 4.6, there must exist some level j of the second multi-graded reso- 

lution MGQ2Res for which either Q~(y, a) is a proper quotient of Qe(y, a) 
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(5) 

or Q~(s, z, y, a) is a proper quotient of Q2(s, z, y, a). If level j is the high- 

est level of the multi-graded resolution MGQ2Res for which such proper 

quotients are obtained, we repeat the procedure described above and as- 

sociate with the multi-graded resolution MGQ2Res a finite collection of 

anvils and developing resolutions. 

By part  (1) we may assume that  Q2(y,a) is isomorphic to the limit 

group Q(y, a) associated with the anvil, Anv(MGQRes)(w, y, a), and by 

part  (3) we may assume that  Q2(s, z, y, a) is isomorphic to the subgroup 

Q(s, z, y, a) associated with the anvil. Par t  (4) treats the case in which 

the second multi-graded quotient resolution 

M GQ~ Res(w, y, Base,,l,... , Base~,v2, a) 

is not of maximal complexity. Hence, the only case left in presenting the 

second step of our general procedure for validation of a sentence, is the 

case of a second multi-graded quotient resolution 

M GQ2 Res(w, y, Base2,1,..., Base~,v~, a) 

(or MGQ2 Res(w, y, Basel,i,. . . ,  Basel,v1, a) in case MGQRes is of max- 

imal possible complexity - -  see part (2)) of maximal possible complexity, 

i.e., a multi-graded (second) quotient resolution 

M GQ2 Res(w, y, Base,,l,... , Base~,,1 , a) 

consists of a single level, and the QH and abelian vertex groups in the 

abelian decomposition associated with this level are similar to the ones 

that  appear in the abelian decomposition associated with the top level of 

the completion of the multi-graded quotient resolution 

M GQ Res(s, z, y, Base,,l,. . . ,  Base~,vl , a) 

with which we started the second step of the procedure. 

We treat  this case as we treated it in the minimal rank case and in the 

first step of the general procedure. In case the abelian decompositions as- 

sociated with MGQ2Res(w,y, Base,,l, . . . ,  Base2,v2, a) and the top level 

of (the completion of) MGQRes(s, z, y, Basel,i,..., Base~,vl, a) have the 

same complexity, we use the modular groups associated with the abelian 

decomposition associated with M GQ2 Res(w, y, Base,,l, . . . ,  Base2,vl , a) 
to map the subgroup < w, y, a > into the limit group associated with the 

(appropriate) next level of the corresponding part of the anvil 

Anv( MGQRes) (w, y, a). 
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By construction, either the image of the subgroup generated by < y, a > in 

that  limit group is a proper quotient of Q2 (y, a), or the subgroup generated 

by < s,z,y,a > in that  limit group is a proper quotient of Q2(s,z,y,a). 
We now analyze the remaining part of the anvil in the same way we have 

analyzed the second multi-graded quotient resolution, according to parts 

(1) (5) above. 

As long as the abelian decompositions associated with the constructed 

multi-graded quotient resolutions are of maximal possible complexity, we 

continue analyzing multi-graded quotient resolutions associated with vari- 

ous parts of the anvil with which we started, until one of the parts (1) (4) 

applies to the corresponding multi-graded quotient resolution. If there 

exists a level for which one of the parts (1) (4) applies, we construct a 

developing resolution and an anvil with the limit group associated with 

this level according to the part (1) (4) that  applies to it. 

We construct a developing resolution associated with the resolution 

MGQ2Res we started with to be the resolution induced by the subgroup 

< y, a > from the parts of the resolution above that  level followed by the 

developing resolution associated with the level for which one of the steps 

(1)-(4) applies. With it we associate a finite collection of anvils, denoted 

Anv(MGQ2Res)(w,y, a), that are set to be the maximal limit quotients 

of the group obtained as the amalgamated product of the anvil associated 

with the level for which one of the steps (1)-(4) applies, and the comple- 

tion of the multi-graded resolutions above that  level, amalgamated along 

the copies of the limit group associated with the level to which one of the 

steps (1) (4) was applied. With the developing resolution and its associ- 

ated anvil, we naturally associate a formal solution according to theorem 
1.18 of [Se2]. 

If all the abelian decompositions associated with the multi-graded 

resolutions used for the construction of the developing resolution are of 

maximal complexity, i.e., if none of the parts (1)-(4) applies to any of these 

multi-graded resolutions, we examine the structure of the developing res- 

olution. The developing resolution is built from a sequence of induced 

resolutions. Each of the induced resolutions is a resolution induced by the 

(image of the) subgroup < y, a >, and with each level of the induced reso- 

lution there is associated an (induced) abelian decomposition (see Section 

3 for the construction of the induced resolution). 

PROPOSITION 4.8: Suppose that all the abelian decompositions associated with 
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the multi-graded resolutions used for the construction of the developing reso- 

lution are of maximal possible complexity. Let < v, y, a > be the subgroup 

generated by the closure of the developing resolution in the anvil, 

Anv(MaQRes)  (w, y, a). 

F~om each of the multi-graded resolutions used to construct the developing res- 

olution, there is a resolution induced by the (image of the) subgroup (generated 

by) < v ,y ,a  >. 

Then there exists some level j such that the structure of the abe/ian decom- 

positions associated with the resolutions induced by the subgroup < v, y, a > 

above level j is identical to the structure of the abelian decompositions associ- 

ated with the corresponding resolution induced by the subgroup < y, a >, and 

in level j ,  either the number of factors in the free decomposition associated with 

the abelian decomposition associated with the resolution induced by < v, y, a > 

is strictly smaller than the number of factors in the corresponding free decom- 

position associated with the resolution induced by the subgroup < y, a >, or in 

case of equality in the number of factors, the complexity of the abelian decom- 

position associated with the resolution induced by < v, y, a > is strictly smaller 

than the complexity of the abelian decomposition associated with the resolution 

induced by < y, a >. 

Proof: The subgroup generated by < y, a > is naturally embedded in the sub- 

group generated by < v, y, a > in the anvil Anv(MGQRes)(w, y, a). If the struc- 

ture of the developing resolution associated with the anvil, Anv(MGQRes),  

with which we started the second step, has the same structure as the resolution 

induced by the subgroup < v, y, a > from the various multi-graded resolutions 

constructed along the various levels in the second step of the procedure, then 

the closure of the developing resolution associated with Anv(MGQRes)(w, y, a) 

is embedded in the quotient limit group QRlim(w, y, a) with which we started 

the second step of the procedure, a contradiction to the properties of the for- 

mal solution associated with the developing resolution that  is associated with 

the anvil, Anv(MGQRes)(w,y,  a). Hence, the structure of the resolutions in- 

duced by the subgroup < v, y, a > differs from the structure of the developing 

resolution associated with the anvil, Anv(MGQRes).  

As in the proof of the termination of the construction of the induced resolution 

(Proposition 3.3), if we restrict ourselves to the highest level of the developing 

resolution, properties (1)-(3) of the construction of the induced resolution (see 

the construction in Section 3) imply that  if we restrict ourselves to the highest 
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level, if the decomposition associated with the subgroup < v, y, a > differs from 

the decomposition associated with the subgroup < y,a >, then either it con- 

tains fewer connected components, or in case of equality, the complexity of the 

decompositions associated with the subgroup < v, y, a > is strictly smaller than 

the complexity of the decompositions associated with the subgroup generated 

by < y, a >. In case of equality in the complexities of the decompositions asso- 

ciated with the subgroups < v, y, a > and < y, a >, we continue to the next level 

until we get to a level in which either a decrease in the number of connected 

components or a decrease in the complexity of the associated decompositions 

occurs. This completes the proof of the proposition. | 

Using Proposition 4.8, in case all the multi-graded resolutions used in the 

construction of the developing resolution are of maximal possible complex- 

ity, we replace the resolutions induced by the subgroup < y, a > used to 

construct the developing resolution, by the resolutions induced by the sub- 

group < v, y, a >. With the obtained (modified) developing resolution we 

associate a covering closure according to theorem 1.18 of [Se2], with each 

closure we naturally associate an anvil, denoted Anv(MGQ2Res(w, y, a), 
obtained from the anvil Anv(MGQRes)(w, y, a) by adding the appropri- 

ate roots corresponding to the specific closure, and with the closure and 

its associated anvil we associate a formal solution x(w, y, a). 
Given the developing resolution, the anvil, and the formal solution defined 

over them, we construct the data structure according to Definition 4.5. With the 

anvil constructed in the second step of the iterative procedure we have associated 

a formal solution {x(w, y, a)}. We start  the third step of the iterative procedure 

by imposing on the specializations that  factor through, and are taut  and shortest 

form with respect to the multi-graded quotient resolutions associated with the 

anvil, the (finitely many) systems of equations Cj (x(w, y, a), y, a) = 1. 

I I I .  T h e  g e n e r a l  s t ep .  In the first steps of the iterative procedure for valida- 

tion of a sentence we used formal solutions defined over the entire set of y's, and 

then families of formal solutions defined over closures of the various resolutions 

of the "remaining" limit groups Rliml(y, a ) , . . . ,  Rlimm(y, a) and closures of 

developing resolutions associated with quotient resolutions obtained from these 

resolutions. At each step, we finally obtained finitely many data  structures and 

their associated developing resolutions and anvils. With each tuple of a de- 

veloping resolution and anvil, we associated a formal solution defined over the 

developing resolution, which is embedded into the anvil. By construction, each 

specialization of the variables y remaining after the first steps can be extended 
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to a (shortest form) specialization that  factors through at least one of the mod- 

ular blocks associated with the various anvils constructed in these steps. After 

presenting the first steps, we finally present the general step of the procedure 

for validation of a sentence, and then prove it terminates after finitely many 

steps. 

We define the general step of the procedure inductively. For brevity, we 

denote the multi-graded resolutions that  were obtained in the previous steps 

of the procedure, MGQmRes(w,y,a), where m is the index of the step in 

which they were constructed. With each such multi-graded quotient resolu- 

tion there is an associated developing resolution, and an anvil that  we denote 

Anv(MGQ'~Res)(w,y,a). By construction, each of the remaining specializa- 

tions of the variables y, i.e., the specializations for which none of the formal 

solutions constructed in previous steps of the iterative procedure proves the va- 

lidity of the given AE sentence for them, can be extended to a (shortest form) 

specialization that  factors through at least one of the modular blocks associated 

with the various multi-graded quotient resolutions and their associated anvils. 

We start the general step of our iterative procedure for validation of a sentence 

with the (finite) collection of multi-graded quotient resolutions constructed in 

the previous step, and their associated anvils. 

The ultimate goal of the general step of the iterative procedure is to ob- 

tain a strict reduction in either the complexity of certain decompositions and 

resolutions or a strict reduction in the Zariski closures of certain limit groups 

associated with the anvils constructed in the previous steps of the procedure. 

The strict reduction in complexity and Zariski closures will finally guarantee 

the termination of the iterative procedure after finitely many steps. 

Since we treat the anvils in parallel, we present the general (n-th) step of the 

procedure with one of the anvils, Anv(MGQn-lRes)(w, y, a). With each anvil 

we have associated a formal solution x(w, y, a) that  satisfies the properties listed 

in theorem 1.18 of [Se2]. Starting with the anvil Anv(MGQ•-lRes)(w, y, a), we 

use the formal solutions x(w, y, a) associated with the corresponding closure of 

the developing resolution. We look at the set of specializations (w0, Y0, a) that  

factor through and are taut  and shortest form with respect to the resolutions 

associated with the anvil Anv(MGQ n-1Res)(w, y, a) (which includes its associ- 

ated developing resolution), for which for some index j ,  Cj (x(w0, Y0, a), Y0, a) = 

1. Clearly, if an element Y0 E Fk can be extended to a shortest form special- 

ization that  factors through one of the anvils, and this specialization does not 

satisfy any of these (finite) systems of equations, then the sentence is valid for 
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Y0. Hence, in the next steps of our iterative procedure it is enough to study 

these specializations of the universal variables y. 

If we fix the index j of the equation ~pj(x(w,y,a),y,a) = 1, then the en- 

tire collection of shortest form specializations (w0, Y0, a) that  satisfy the corre- 

sponding system of equations is contained in a finite set of maximal (n-th) limit 

groups OnRliml(w, y, a) , . . . ,  QnRlim%, (w, y, a). Since our analysis of these 

(n-th) quotient limit groups is conducted in parallel, we will omit the indices 

from these (n-th) quotient limit groups and denote them QnRlim(w, y, a). 
We construct the data  structure and developing resolutions associated with 

the anvil and the n-th quotient limit group QnRlim(w, y, a) iteratively, simi- 

larly to the way we have analyzed quotient resolutions in the second step of 

the procedure. The analysis we carry out in the general step depends on the 

structure of the data  structure, and the developing resolutions constructed in 

the previous steps of the procedure. As in the first steps of the procedure, our 

aim is to obtain a strict decrease in either the Zariski closure or the complexity 

of the resolution associated with some level of the data  structure we construct. 

(1) Let Qn-l(y,a) be the restricted limit group generated by < y,a > in 

the anvil Anv(MGQn-lRes)(w,y ,a) .  Let Qn(y,a) be the limit group 

generated by < y, a > in the n-th quotient limit group QnRlim(w, y, a). If 

Qn(y, a) is a proper quotient of the subgroup Qn- l (y ,  a), we continue this 

branch of the iterative procedure by replacing the limit group Q~-I  (y, a) 

by Q~(y, a), and continue with the finite collection of resolutions that  

appear in the taut  Mal~nin Razborov diagram of the limit group Q~(y, a) 
in the same way we handled the resolutions in the taut  Makanin Razborov 

diagram of the original limit group Rlim(y, a). Note that  this is always 

the case if the limit group Q~-I  (y, a) was a free group. 

(2) At this stage we may assume that  Qn(y,a) is isomorphic to Qn-l(y,a).  
Along the process used to construct the anvil, Anv(MGQ~-lRes)(w,  y, a), 
we enlarge the parameter subgroups each time the complexity of the 

abelian decomposition associated with the top level of the corresponding 

multi-graded quotient resolution is being reduced�9 At step m, 1 < m < 
n s (m)  n s ( m ) -  and n -  1, we set the parameter subgroups to be base2,1 , . . . ,  Dase2,v,r 

the corresponding multi-graded quotient resolution to be 

MGQmRes(wm,y,  Base~!~) s(m) �9 Base2,v~l,~ ~ , a). 

For each index s, 1 < s < s(n - 1), we set f(s)  to be the minimal index m, 

1 ~ m ~ n - 1, for which s = s(m), and g(s) to be the maximal index m 

for which s = s(m). For each couple of indices ml,m2, 1 <__ ml <_ m2 <_ n, 



116 z. SELA Isr. J. Math. 

let Qm2(wml,y,a ) be the subgroup generated by < Wml,y,a > in the 

limit group Qm2 Rlim(wm2, y, a). 
In this part of the general step we assume that  the multi-graded quo- 

tient resolution MGQn- lRes (w , y ,  Base~(~ -1) n 8(n-1) a) is of , � 9  Dase2,v.~7~_l~, 
maximal complexity. Suppose that  for some index s ,  1 < s < s ( n  - 1) - 1, 

Qn(w~(s), y, a) is a proper quotient of Qi(S)(w~(~), y, a), and let s be the 

minimal index for which this happens. Then we omit the n-th limit group 

QnRlim(w, y ,  a )  from our list of n-th quotient limit groups, and replace 

it by going back to the ~(s)-th step of the iterative procedure, and start 

it with the limit group Q n ( w e ( ~ )  , y ,  a )  instead of the g(s)-th limit group 

Q~(S)Rlim(we(s), y ,  a )  used in the s-th step of the process that  lead to the 

construction of the anvil, Anv(MGQ n-1Res) (w, y, a). Since, by definition 

of the index ~(s), the parameter subgroups were enlarged at step ~(s) + 1, 

in analyzing the quotient limit group QnRlim(we(~), y, a) we need to take 

into account only those multi-graded quotient resolutions which are not 

of maximal complexity, i . e . ,  only those multi-graded quotient resolutions 

which do not have a single level with a multi-graded abelian decomposi- 

tion with the same structure as the abelian decomposition associated with 

the top level of the multi-graded quotient resolution 

n ~(~(s)-l) n 8(~(s)-1) a) MGQe(S)-lRes(w~(~)_l, y, ~as%,l , , � 9  Dase2,%{e(~)_~) 

used in the process of the construction of the anvil 

Anv( M GQn-l  Res ) (w, y, a). 

Suppose that  for s(n - 1) - 1 (hence, for every index s, 1 _< s < 

s ( n -  1) - 1), Qn(w~(~),y,a) is isomorphic to Q~(S)(we(~),y,a ). We set 

s ( n )  =- s(n - 1). Let 

MG.~Resl,w,y,BaseS(n)Lr ~ 2:1 , ,  s(n) � 9  Dase2,v.,(,) , a), . . . , 

MGQnResq(w,y ,  Base~(,:),... Base~(n!(~),a) 

be the multi-graded resolutions in the multi-graded taut  Makanin- 

Razborov diagram of QnRlim(w,y ,a)  with respect to the parameter 

subgroups 
B~ oos(,~) ~ ~ ( n )  

We will treat the multi-graded quotient resolutions 

MGQnRes j (w,y ,  Base2!~), ~(n) � 9  Base2,v.,l~) , a) 
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in parallel, hence we omit their index�9 

If for some Q H  vertex group Q in the abelian decomposition associated 

with the top level of the multi-graded resolution 

M G Q n - l R e s ( w , y ,  n s(n-1) /:~ s(n--1) ,a) base2,1 , �9 �9 ~ase2,v~(,~_ l~ 

the sequence of abelian decompositions Q inherits from the multi-graded 

resolution M G Q n R e s j ( w ,  y Base~(~), . . . ,  Dase2,v~(n)" 8(n) , a) is not compati- 

ble with the collection of s.c.c, that are mapped to the trivial element in 

the next level of the multi-graded resolution 

n s (n - -1 )  r ~  s(n-1) , a), M G Q n - l R e s ( w ,  y, base2,1 , . . . ,  ~ase2,v~(,~_i) 

we omit the multi-graded resolution 

M GQ~ Res j  (w, s(n) 8(n) y, Base2,1 , . . . ,  Base2,v~(~) , a) 

from our list of multi-graded resolutions of the n-th quotient limit group 

Q ~ ( w , y , a ) .  

Otherwise, by Proposition 4.2, the complexities of the abelian decom- 

positions associated with the various levels of each of the n-th multi- 

graded quotient resolutions M G Q n R e s ( w , y ,  Base2! l  ), 8(n) 
� 9  Base2,v~(,~) , a) 

are bounded by the complexity of the multi-graded quotient abelian 

decomposition associated with the top level of 

M G Q n - I R e s ( w ,  , .  s ( n - 1 )  n s ( n - 1 )  ", y, base2,1 , . . �9 Dase2,v~(._l), a); 

and if the complexity of the abelian decomposition associated with some 

level of M G Q n R e s ( w , y ,  ..~ s(~) ,~ ~(~) Bu~c2,1 , , a) is equal to the com- . . .  t~ase2,v~(n ) , 
plexity of the abelian decomposition associated with the top level of 

M G Q n - l R e s ( w ,  ~ s ( n - 1 )  n s ( n - 1 )  -, y, base2,1 , . . . ,  Dase2,v~(.~_~), a), 

then the n-th multi-graded quotient resolution 

M G , ~ n R e s ~ w , y ,  BaseS(~), ~ t, 2:1 n s(n) , 
� 9  Dase2,v~(. ) , a) 

has only one level above the terminating solid or rigid limit group, and 

the structure of the abelian decomposition associated with this level is 

identical with the structure of the abelian decomposition associated with 
~(~-1) ~(~-1) the top level of M G Q n - I R e s ( w , y , ~ a s e 2 , 1  , . . . ,Base2 , ,~ ( , _~ ) ,a  ). In 

this part of the n-th step of the procedure we will also assume that the 
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complexities of the abelian decompositions associated with the various 

levels of the n-th multi-graded quotient resolution 

~.8(~) n s(~) a) 
M GQ~ Res(w,  y ,  B t t ~ 2 , 1  , . . . ,  ~ase2,v~(~l , 

are strictly smaller than the complexity of the abelian decomposition 

associated with the top level of the multi-graded quotient resolution 

MGQ~_IRes (w ,  ~ ~:~_~ s(n-1) n s(n-1) ,a).  ~1, g~t~vv2,1 , � 9  ~ase2,v~.~_t) 

In this case we treat  the multi-graded resolution 

M GQn Res(w, y, B ~ ,  1 ,. a) � 9  D a s e 2 , v e t n )  , 

according to part  (4) of step n - 1 of the procedure, and associate with it 

a finite collection of developing resolutions and anvils. 

(3) At this stage we may assume that  Qn(y,a) is isomorphic to Qn-~(y,a) .  

In this part  we assume that  the multi-graded quotient resolution 

n s ( n - 1 )  n s(n--1) , a) 
M G Q ~ - I R e s ( w ,  y, ~ase2,1 , . . . ,  z~ase2,v~co_~l 

is not of maximal possible complexity. 

Suppose that  for some index s, 1 <_ s <_ s(n - 1), Qn(we(s),y,a) is 

a proper quotient of Qe(S)(we(s),y,a), and suppose that  s is the mini- 

mal index for which this happens. Then we omit the n-th limit group 

Q~Rlim(w,  y, a) from our list of n-th quotient limit groups, and replace it 

by going back to the f(s)- th step of the iterative procedure and start  it with 

the limit group Q'~(we(s), y, a), the subgroup generated by < we(s), y, a > 
in the n-th quotient limit group Q'~Rlim(w,y,  a), instead of the ~(s)-th 

limit group Qe(S)Rlim(we(s), y, a) used in the ~(s)-th step of the process 

that  leads to the construction of the anvil, A n v ( M G Q ~ - l R e s ) ( w , y , a ) .  

Since, by definition of the index f(s), in case f(s) < n - 1 the parameter  

subgroups were enlarged at step g(s) + 1, and in case f(s) = n - 1 the 

multi-graded quotient resolution 

M G Q ~ - I R e s ( w ,  n s(~-l) n s(,~-l) a) Y ,  b a s e 2 , 1  , � 9  

is not of maximal possible complexity, in analyzing the quotient limit 

group Q~Rlim(we(s), y, a) we need to take into account only those multi- 

graded quotient resolutions which are not of maximal complexity, i.e., only 

those multi-graded quotient resolutions which do not have a single level 
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with a multi-graded abelian decomposition with the same structure as the 

abelian decomposition associated with the top level of the multi-graded 

quotient resolution 

8(~(s) - -1 )  n s(~(s) - -1 )  
M G Q e ( s ) - l R e s ( w e ( s ) _ l  y ,  base2 ,1  , z~aseo , a) . . . ~ z,v..(u.~)_l) 

used in the process of the construction of the anvil 

d n v ( M G Q n - l R e s ) ( w ,  y ,  a).  

In this par t  we may assume that  the multi-graded quotient resolution 
B -  s(n--1) .. B s(n--1) \ M G Q ~ - l R e s ( w , y ,  us~2,1 , .  , ase2,v~(~_l),a ) i s n o t o f m a x i m a l c o m -  

plexity, and tha t  Q~(w~- l ,  y, a) is isomorphic to Q ~ - I  (W~-l, y, a). We set 

s ( n )  = s ( n -  1) + 1, and the parameter  subgroups Base~(~  ) , n ,  ~,,~(") 
, " �9 . ~ ~ 2 , V o ( n )  

to be the non-abelian, non-QH vertex groups and edge groups in the 

multi-graded abelian decomposition associated with the top level of the 

anvil A n v ( M G Q ' ~ - l  R e s ) ( w ,  y ,  a) .  Let 

M G Q n R e s l ( w , y , B a s e ~ ( ~  ) ,~ s(n) , a ) ,  , , , � 9  t~ase2,v.(,.} � 9  

n s(n) s(~) 
M G Q  R e s q ( W ,  y ,  ~ase2 ,1  , . . . , Base~,v~(.)  , a) 

be the resolutions in the taut  multi-graded Makanin-Razborov diagram 

of Q n R l i m ( w ,  y,  a) with respect to the parameter  subgroups 

B s ( n )  r )  s ( n )  
ase2,1 , . . - ~ Dase2 ,v<. )  . 

i f a m u l t i _ g r a d e d r e s o l u t i o n M G , ~ n R e s j r w ,  y ,  [ 2.1 . . . , Dase2,v.,(n)n s ( n )  , a )  

is not compatible with the collections of s.c.c, associated with the various 

Q H  vertex groups in the abelian decomposition associated with the top 

level of the multi-graded resolution 

M G Q n - I R e s ( w ,  Y, B a s e ~ ( ~ - l )  n s(n-1) , �9 , . . . ,  ~ase2 , v . ( . _~ ) ,  a) ,  

and is mapped  to a trivial element in the next level of tha t  multi-graded 

resolution, we omit the multi-graded resolution 

M G Q ~ R e s y ( w , y ,  Base2 !~ ) ,  n ~(~) a )  
� 9  ~ Dase2,v.( ,o  , 

from our list of n- th quotient multi-graded resolutions. We analyze the 

n-th multi-graded quotient resolutions 

M G Q ~  R e s j  ( w,  y ,  Base~(1  ) , ~(~) , . . . ,  Base2,v~( ,  ) , a) 
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in parallel, hence we will omit their index. 

In this part we will also assume that the n-th multi-graded quotient 
resolution MGQnRes(w,  n s(n) s(n) y, t~ase2,1 , . . . ,  Base2,v~r a) is not of maximal 

possible complexity, i.e., it does not have a single level with a (multi- 

graded) abelian decomposition identical ,to the abelian decomposition as- 

sociated with the top level of the multi-graded quotient resolution 

M G Q ~ - l R e s ( w , y ,  Base~(~) ~(~) , . . . ,  Base2,v,r ) , a). 

The case of maximal complexity will be treated in the next part of the 

general step. As in the second step of the procedure, to treat an n-th multi- 

graded quotient resolution which is not of maximal possible complexity 

we need the following observation, which is similar to Lemma 4.6 and 

Theorem 4.3. 

n s(n) n s(n) a) be one of the LEMMA 4.9: Let MGQnRes (w ,y ,~ase21  ...,~ase2,v~o~l, 

resolutions in our list of n-th multi-graded quotient resolutions and suppose 

MGQnRes  is not of maximal complexity. By  construction, the limit group 

Qn(wn-1, y, a) is mapped into the limit group associated with each of the levels 

of the multi-graded quotient resolution 

MGQnRes (w ,y ,  ,1 ~(~) n ~(~) ,a). D a s e 2 , 1  , � 9  l ~ a s e 2 , v , ( n )  

Let Q~m(Wn_ l ,  y, a) be the image of Qn(Wn_l, y, a) in the terminal (rigid or 

solid) limit group of 

- -  s(~) ~ ~(~) a ) .  M GQn Res(w, y, t~ase2,1 , . . . ,  ~ase2,v~(~) , 

n W Then Qterm( n--l, Y, a) is a proper quotient of Q~(wn-1, y, a). 

Proof'. Identical to the proof of Lemma 4.6. | 

To handle an n-th multi-graded quotient resolution 

MGQ~Res(w,  ,~ ~(,~) ,~ ~(n) , y, ~ase2,1 , . . . ,  l~ase2,v~(,~), a) 

which is not of maximal complexity, we also need the following lemma, 

which is similar to Lemma 4.7. 

LEMMA 4.10: Let MGQ~Res (w ,y  Base~(1 ), s(,~) . . . ,  Base2,v~(,,), a) be one of the 

resolutions in our list of n-th multi-graded quotient resolutions, and suppose 

that MGQnRes  is not of maximal complexity. By  construction, the limit group 
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Q'~(w, y, a) is mapped onto the limit group associated with each of the levels of 
the multi-graded quotient resolution 

.~ s(n) n s(~) , M GQnRes( w, y, base2,1 , . . . ,  ~ase2,v~,~), a ). 

Let Q~(y, a), Q'~(Wn-1, y, a), Q~(wn, y, a) be the images of the subgroups gen- 

erated by Qn(y, a), Qn(w~_l , y, a), Qn(w,~, y, a) in correspondence, in the limit 

group associated with the second level of the multi-graded quotient resolu- 
tion MGQ~Res(w, Y, ~ase2,1n s(n) , . . . ,  Dase2,v.(. ~(~) , a). Then Q~(y, a) is a quotient 
of Q~(y, a), Q~(wn-1, y, a) is a quotient of the subgroup Qn(wn_l, y, a), and 
Q2( ~ w~,y, a) is a proper quotient of the subgroup Q~(w~, y, a). 

Proof." The claim is simply one of the basic properties of a multi-graded 

resolution. | 

Suppose that  the subgroup Q~(y,a) is a proper quotient of Qn(y,a). 

Let QResl(y, a ) , . . . ,  QResq(y, a) be the resolutions in the taut  Makanin- 
n a Razborov diagram of Q2 (Y, ) -  We continue with each of the resolutions 

QRes~(y, a) separately, hence we omit their index. With the resolution 

QRes(y, a) we associate a resolution CRes(y, a), where CRes(y, a) is com- 

posed from two parts, the top being the resolution induced by the sub- 

group < y, a > from the completion of the top level of the multi-graded 

quotient resolution MGQ~Res(w,y,  Base~!~ ), s(n) �9 . . ,  Base2,v.~(~), a), and the 

tail being the resolution QRes(y, a), By theorem 1.18 of [Se2], with the 

resolution CRes(y, a) we can associate a set of closures 

Cll (CRes)(u, y, a ) , . . . ,  Cld(CRes)(u, y, a) 

and for each closure a corresponding formal solution defined over it. We 

continue with each of these closures in parallel. 

If the subgroup generated by < y, a > in the developing resolution is 

a proper quotient of the limit group Q2(y, a) we started with, we replace 

the particular closure by starting the first step of the procedure with the 

subgroup generated by < y, a > in it, hence for the continuation we can 

assume that  the subgroup generated by < y, a > in the closure is isomor- 

phic to the limit group Q~(y, a) with which we started. 

Fixing a closure, Cl(u, y, a), we set the developing resolution to be that  

closure. With each closure, Cl(u, y, a), there is an associated formal so- 

lution z(u,  y, a) (constructed according to theorem 1.18 of [Se2]). With 

the developing resolution, we further associate a finite collection of anvils 



122 z. SELA Isr. J. Math. 

that are set to be the maximal limit quotients of the group obtained as 

the amalgamated product of the completion of the developing resolution 

and the completion of the top level of the (second) multi-graded resolution 

MGQnRes (w ,y ,  Base~!l ), , .  s(n) . . . ,  ~ase2,v~(.), a), amalgamated along the top 

part of the developing resolution, and denote it Anv(MGQ'~Res)(w,  y, a). 
Note that the developing resolution is canonically mapped into the anvil, 

hence the family of formal solutions defined over the developing resolution 

can be naturally defined over the anvil. 

Suppose that Q~(y, a) is isomorphic to Qn(y, a), and Q~(W~-l,  y, a) is 

a proper quotient of Qn(wn_l,  y, a). In this case we set s, 1 < s < s ( n - 1 ) ,  
to be the minimal index for which Q~(we(s),y,a) is a proper quotient of 
Qn(we(s) , y, a) = Qe(s)(we(s), y, a). Let 

B 8 ~ . . " ,  MGQResl(We(s), y, ase2,1,.. ., Base i v,, a),. 

M GQ ReS d( W e( s ) , y, B a s e , , l , . . . ,  B ase~,,~ , a) 

be the resolutions in the taut multi-graded diagram of Q~(we(s), y, a) with 

respect to the parameter subgroups B a s e , , l , . . . ,  Base~, , .  
Suppose that a multi-graded quotient resolution 

M GQ Res(we(s), y, B a s e , , l , . . . ,  Base~,~, a) 

is of maximal possible complexity, i.e., that it has a single level with an 

abelian decomposition of the same structure as the abelian decomposi- 

tion associated with the top level of the multi-graded quotient resolu- 
n s ( e ( s ) - l )  r ~  s(e(s)--l) ,a)" Let tion MGQe(s)-lRes(we(s)_l,  y, base2,1 , . . . ,  ~ase2,v~c~(~_~ 

Dwe(s) be the subgroup generated by the stabilizers of the distinguished 

vertices in the anvil 

Anv(MGQe(~)- 1Res) (We(s), y, a). 

Since the subgroup Q~(we(s), y, a) is a proper quotient of Q"(we(s), y, a), 

and since limit groups are residually finite and hence satisfy the Hopf 

property, the image of the subgroup Dwe(~) in the (closure of the) multi- 

graded quotient resolution M GQ Res(we(s), y, Base~,l , . . . , Base~,~ , a) is 

a proper quotient of the subgroup Dwe(~). In this case of 

M GQ Res(we(s), y, B a s e , , l , . . . ,  Base~,v~ , a) 

being a resolution of maximal possible complexity, we do the following. 

We set the multi-graded quotient resolution 

C Res(we(~), y, B a s e , , l , . . . ,  Base~,v ~ , a) 
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to be the multi-graded resolution obtained from the resolution induced by 

the subgroup < we(s), y, a > from the top level of the completion of the 

multi-graded quotient resolution 

MGQnRes (w ,y ,  , .  s(n) , ,  s(n) ,a) / Jase2 ,1  , � 9  D a s e 2 , v < . . )  

followed by the multi-graded resolution 

M GQ Res(we(s), y, Base , , l , . . . ,  Base~,v ~ , a). 

We set q, 1 <_ q < s, to be the minimal index for which the subgroup 

generated by < We(q), y, a > in (the closure of) 

C Res(we(s), y, Base , , t , . . . ,  Base~#~ , a) 

is a proper quotient of Q'~(we(q), y, a) = Qg(q) (We(q), y, a). Let t be the min- 

imal index for which s(q) = t. We now replace the multi-graded quotient 

resolution MGQRes(we(s), y, Base~,l , . . . , Base~,v. " , a) of the limit group 

Q~(we(s), y, a), by starting the f(q)-th step of our process with the limit 

group generated by < We(q), y, a > in (the closure of) 

C y ,  Bas4, , . . . , Bas4,  , 

instead of the limit group 

Qe(q) Rlim(we(q}, y, a) = Qn Rlim(we(q), y, a) 

used in the f(q)-th step of the procedure. 

By the above argument, for the rest of part (4) of the general step of the 

procedure we may consider only those multi-graded quotient resolutions 

MGQRes(we(~), y, B a s e , , l , . . . ,  Base,,v.,  a) which are not of maximal pos- 

sible complexity. In this case we analyze each of the multi-graded quotient 

resolutions MGQRes(we(~), y Base~ t , - . . ,  Base~,~., a) as we did in step 

f(s) of our iterative procedure. First, we associate with the multi-graded 

resolution MGQRes(we(s), y, Base , , l , . . . ,  Base~#.,  a) a multi-graded res- 

olution C Res(we(s), y, Base~ t . . . ,  Base~#. , a), obtained from the resolu- 

tion induced by the subgroup < We(s),y,a > from the top level of the 

completion of the multi-graded resolution 

M GQ'~ Res( w, y, Bu~e2,1 , . . . ,  B as%#..o, ~ , a) 

followed by the multi-graded resolution 

M GQ Res(we(s), y, B a s e , , l , . . . ,  Base~,,. , a). 
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If the multi-graded resolution C Res(w~(s), y, B a s e , , l , . . . ,  Base~,v.~ , a) is 

not compatible with the collections of s.c.c, associated with the various 

Q H  vertex groups in the multi-graded abelian decomposition associated 

with the top level of the multi-graded resolution 

MGQ~(S-1) Res(we(~_l),y Base~l],  . . . Base~l_~,a) ,  

we omit the multi-graded resolution 

M GQ Res(w~(~), y, B a s e , , l , . . . ,  Base~,~.~, a) 

from our list of multi-graded resolutions of Qtnerm(We(s), y, a). Otherwise, 

we continue as in step g(s) of the iterative procedure, and associate with 

the multi-graded resolution M GQ Res(we(s), y, Base~,l , . . . , Base~,v. ,, a) 
a canonical collection of developing resolutions and their associated anvils 

and formal solutions. As we did in part (4) of the second step of our itera- 

tive procedure, given an anvil associated with the graded 

resolution MGQRes(w~(~), y, Base~, l , . . . ,  Base~,~, a), we set a resolution 

CRes(u ,y ,a)  obtained from the resolution induced by the subgroup 

< y, a > from the top level of the n-th multi-graded quotient resolution 

MGQnRes(w,  y, Base~!~) r~,~ o.s(r) a) 

followed by the developing resolution in the anvil associated with the 

multi-graded resolution M GQ Res(we(s), y, B a s e , , l , . . . ,  Base~,~ , a). We 

set the developing resolution to be the resolution CRes(u,  y, a). We set 

the anvil, Anv(MGQnRes ) (w ,y ,a ) ,  to be the group generated by the 

corresponding closure of the top level of the multi-graded resolution 

MGQ,~Res(w, Y, Base~(~) . s(n) , . . ,  Bas%,v~,~), a) 

and the anvil associated with 

M GQ Res(w~(s), y, B a s e , , l , . . . ,  Base~,v~ , a) 

amalgamated along the corresponding images of the subgroup 

Q~(we(s),y,a) in the second level of the completion of M G Q n R e s  
and in the anvil associated with the multi-graded resolution 

M GQ Res(wg(s), y, B a s e , , l , . . . ,  Base~,v~, , a). With the developing resolu- 

tion we associate the formal solutions x(w, y, a) (constructed according 

to theorem 1.18 of [Se2]), and since the developing resolution is mapped 
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(5) 

into the anvil, Anv(MGQnRes ) (w ,  y, a), the family of formal solutions is 

naturally defined over the anvil as well. 

We still need to treat  the case in which both Q~(y, a) is isomorphic 

to Qn(y, a) and Q~(w~-l ,  y, a) is isomorphic to Qn(Wn_l, y, a). In this 

case, we just continue to the next level of the multi-graded quotient reso- 

lution M G Q n R e s ( w , y ,  Base~!l ), 8(n) . . . ,  Base2,V~(n), a), and proceed with the 

same analysis we applied for the top level of this multi-graded resolution. 

By Lemma 4.6, there must exist some level j for which either Q](y,a)  
is a proper quotient of Q'~(y, a) or Q~(wn_l,  y, a) is a proper quotient of 

Qn(Wn_l, y, a). If j is the highest such level in the multi-graded resolution 
n s ( n )  n s ( n )  M G Q n R e s (  w, Y, ~ase2,1 , ' "  t~ase2 v~(~,~, a), we associate with it a finite 

collection of developing resolutions and anvils according to the various 

cases described above. 

By part  (1) we may assume that  Qn(y, a) is isomorphic to the limit group 

Q(y,a) associated with the anvil, A n v ( M G Q n - l R e s ) ( w , y , a ) ,  and by 

parts (2)-(3) we may assume that  Q~(ws(~)-l, y, a) is isomorphic to the 

subgroup Q~-l(ws(~)_~,y,a)  associated with the anvil. Par t  (4) treats 

the case in which the n-th multi-graded quotient resolution 

n 8(,) ~(~) MGQ~Res (w ,  y, base2,1 , . . .  Bas% v.~,~), a) 

is not of maximal complexity. Hence, the only case left in presenting the 

general step of our procedure for validation of a sentence is the case of an 

n-th multi-graded quotient resolution 

M G Q n R e s ( w , y ,  Base~!;~) s(n) �9  Base2,v~(,~ ) , a) 

of maximal possible complexity, i.e., a multi-graded quotient resolution 

,~ 8(~) , Base~(~ ) ,, , a) consists of a single level, and M G Q ~ R e s ( w , y ,  ~as%,l  , . - .  , ~( ) 
the QH and abelian vertex groups in the abelian decomposition associ- 

ated with this level are similar to the ones that  appear in the abelian 

decomposition associated with the top level of the multi-graded quotient 
/ ~  ~ s ( n - 1 )  ~ s(n-1) , a) with which resolution M G Q n - I  Res(w, y, ~ 2 , 1  , " ' ,  t~aS%,v~,~_l I 

we started the n-th step of the procedure. 

We treat  this case as we treated it in the minimal rank case and in the 

first steps of the general procedure. In case the abelian decomposition as- 
R~ 8(n) s(n) sociated with M GQn Res(w,  y, ~t~se,z, 1 , . . . ,  Basee ,~ , )  , a) is of maximal 

complexity, we use the modular groups associated with the abetian de- 

composition associated with M GQ~R es  to map the subgroup Q'~(w, y, a) 
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into the limit group associated with the next level of the corresponding 

part of the anvil, Anv(MGQn-lRes)(w,y,a), i.e., into the subgroup of 

the anvil associated with the next level of the developing resolution asso- 

ciated with that anvil. By the construction of the developing resolution 

associated with the anvil, Anv(MGQn-lRes)(w, y,a), this image of the 

appropriate subgroup of Qn(w,y,a) is a proper quotient of itself, and 

the relevant part of the developing resolution associated with the anvil, 

Anv(MGQ n-iRes) (w, y, a), is composed of a smaller number of levels. We 

now analyze the remaining part of the anvil in the same way we analyzed 

the n-th multi-graded quotient resolution, according to parts (1) (5). 

As long as the abelian decompositions associated with the constructed 

multi-graded quotient resolutions are of maximal possible complexity, we 

continue analyzing multi-graded quotient resolutions associated with vari- 

ous parts of the anvil we started with until one of the parts (1)-(4) applies 

to the corresponding multi-graded quotient resolution. If there exists a 

level for which one of the parts (1)-(4) applies, we set a developing resolu- 

tion and an anvil with the limit group associated with this level according 

to the part (1)-(4) that applies to it. 

Given such an anvil, we set the developing resolution to be the reso- 

lution induced by the subgroup < y, a > from the parts of the resolution 

above that level followed by the developing resolution associated with that 

level. We set the anvils, Anv(MGQ~Res)(w, y, a), to be the maximal limit 

quotients of the group generated by the anvil associated with that level 

and the completion of the resolutions above it, amalgamated along the 

copies of the limit group associated with the level to which one of the 

steps (1) (4) was applied. With the developing resolution and its associ- 

ated anvil, we naturally associate a formal solution, x(w, y, a), according 

to theorem 1.18 of [Se2]. 

If all the abelian decompositions associated with the multi-graded 

resolutions used for the construction of the developing resolution are of 

maximal complexity, i.e., if none of the parts (t)-(4) applies to any of these 

multi-grMed resolutions, we examine the structure of the developing res- 

olution. The developing resolution is built from a sequence of induced 

resolutions. Each of the induced resolutions is a resolution induced by the 

(image of the) subgroup < y, a >, and with each level of the induced reso- 

lution there is associated an (induced) abelian decomposition (see Section 

3 for the construction of the induced resolution). 
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PROPOSITION 4.11: Suppose that all the abelian decompositions associated 

with the multi-graded resolutions used for the construction of the develop- 

ing resolution are of maximal possible complexity. Let < v ,y ,a  > be the 

subgroup generated by the closure of the developing resolution in the anvil 

Anv( MGQn-l  Res)(w, y, a). From each of the multi-graded resolutions used to 

construct the developing resolution, there is a resolution induced by the (image 

of the) subgroup < v, y, a >. 

Then there exists some level j such that the structure of the abelian decom- 

positions associated with the resolutions induced by the subgroup < v, y, a > 

above level j are identical to the structure of the abelian decompositions associ- 

ated with the corresponding resolution induced by the subgroup < y, a >, and 

in level j ,  either the number of factors in the free decomposition associated with 

the abelian decomposition associated with the resolution induced by < v, y, a > 

is strictly smaller than the number of factors in the corresponding free decom- 

position associated with the resolution induced by the subgroup < y, a >, or in 

case of equality in the number of factors, the complexity of the abelian decom- 

position associated with the resolution induced by < v, y, a > is strictly smaller 

than the complexity of the abelian decomposition associated with the resolution 

induced by < y, a >. 

Proof'. Identical to the proof of Proposition 4.8. | 

Using Proposition 4.11, in case all the multi-graded resolutions used in the 

construction of the developing resolution are of maximal possible complex- 

ity, we replace the resolutions induced by the subgroup < y, a > used to 

construct the developing resolution, by the resolutions induced by the sub- 

group < v, y, a >. With the obtained (modified) developing resolution we 

associate a covering closure according to theorem 1.18 of [Se2], with each 

closure we naturally associate an anvil, denoted Anv(MGQnRes(w, y, a), 

obtained from the anvil Anv(MGQn-lRes)(w,  y, a) by adding the appro- 

priate roots corresponding to the specific closure, and with the closure and 

its associated anvil we associate a formal solution x(w, y, a) according to 

Theorem 1.18 of [Se2]. 

Given the developing resolution, the anvil, and the family of formal solutions 

defined over them, we construct the data  structure according to Definition 4.5. 

With the anvil constructed in the general step of the iterative procedure, we have 

associated a formal solution {x(w, y, a)}. We start  step n + 1 of the iterative 

procedure by imposing on the specializations that  factor through and are taut  
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and shortest form with respect to the resolutions associated with the anvil, the 

(finitely many) systems of equations Cj(X(W, y, a), y, a) = 1. 

IV. Termina t ion  of the  i terat ive procedure .  Having defined the first, 

second and general steps of our iterative procedure for validation of a sentence, 

we are still required to prove its termination. To prove termination of our 

iterative procedure in the minimal rank case (Section 1), we used the strict 

decrease in the complexity of the resolutions associated with successive steps of 

the procedure, a strict decrease that forces termination. Unlike our procedure 

in the minimal rank case, in the general procedure we do not obtain a strict 

decrease in the complexity of the resolutions associated with successive steps 

of the procedure. To obtain termination in the general case, we need to look 

at limit groups (or alternatively Zariski closures) and complexities of various 

resolutions and decompositions associated with the data structures and anvils 

constructed along the steps of the procedure. Our ultimate goal in proving 

the termination of the procedure is to show that after finitely many steps of 

it, the iterative procedure is applied (effectively) not to specializations of the 

limit group Rlim(y ,  a) but rather to specializations of a proper quotient of it. 

Clearly, once we show that, the descending chain condition for limit groups 

([Sel], 5.1) guarantees the termination of our iterative procedure for validation 

of a sentence. 

THEOREM 4.12: The iterative procedure for validation of  an A E  sentence 
terminates after finitely many  steps. 

Proof: Suppose that the iterative procedure for validation of an A E  sentence 

does not terminate after finitely many steps, which implies that the procedure 

must contain an infinite path. Each time part (1) of the general step of the 

procedure is applied along the given infinite path of the procedure, the limit 

group Qn(y,a) is replaced by its proper quotient. Hence, by the descending 

chain condition for limit groups, for the rest of the argument we may assume 

that part (1) of the general step is not applied along our given path of the 

procedure. If part (3) is applied to an anvil along the infinite path, then the 

limit group Qe(S)(w~(s),y,a ) is replaced by its proper quotient, Qn(w~(s),y, a) 

for some index s, 1 < s < s(n - 1). Hence, by the descending chain condition 

for limit groups, for any fixed s, part (3) can be applied to the limit group 

Qn(we(s), y, a) only finitely many times along the infinite path. 

Each time part (4) of the general step of the sieve procedure is applied to a 

multi-graded resolution along the infinite path, the index of the based subgroups, 
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s(n), is increased by 1, and the complexity of the (multi-graded) abelian decom- 

position associated with the top level of the constructed multi-graded resolution 

strictly decreases (see Definition 3.2 for the complexity of a well-structured res- 

olution that restricts to the complexity of an abelian decomposition). Since a 

strictly decreasing sequence of complexities of (multi-graded) abelian decompo- 

sitions terminates after finitely many steps, parts (1), (3) and (4) can be applied 

to the multi-graded resolution associated with the top level of the developing 

resolution (or anvil) along our given infinite path of the iterative procedure only 

finitely many times. 

Hence, there exists some step no along the given path of the iterative proce- 

dure such that for every step n > no: 

(i) = s (n0) ;  

(ii) for every s, 1 < s < s(no) - 1, 

Q~(~) (w~(s), y, a) 

is isomorphic to Qn(we(s) , y, a); 

(iii) the multi-graded resolution associated with the top level of the developing 

resolution constructed in step n of the iterative procedure, MGQ=Res, is 

of maximal complexity. 

Since for every n > no, the multi-graded resolutions MGQ~Res associated 

with the top level of the developing resolution are of maximal complexity, for ev- 

ery n > no, the procedure is effectively applied to the limit group associated with 

the terminal (second) level of the maximal complexity (one level) multi-graded 

resolutions, MGQnRes. By construction, in the limit group associated with 

the terminal level of the maximal complexity resolutions MGQnRes, the im- 

age of the limit group Qn(we(s(no)_l) , y, a), Qtnerm(We(s(no)_l), y, a), is a proper 
quotient of Qe(~(~~ a). If at some step n > no, the image of 

n a Q~(y,a) in the terminal level of MGQ~Res, Qte~m(Y, ), is a proper quotient 

of Ql(y,a), then for some nl, for n > nl, the infinite path of the iterative 

procedure is effectively applied to a proper quotient of the limit group Q1 (y, a) 

with which we started. Otherwise, let Sl _< s(no) - 1 be the minimal index s for 

which Q~erm(W~(s), y, a) is a proper quotient of Qe(S)(we(s) , y, a) for some step 

n > no. Repeating the arguments used for analyzing the multi-graded resolu- 

tions associated with the top level of the developing resolution along our infinite 

path, parts (1), (3) and (4) can be applied only finitely many times to the multi- 

graded resolutions associated with the second level of the developing resolution 

(anvil) along our given infinite path of the iterative procedure, hence there must 
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exist some index n~ such that  for every n > n2, the multi-graded resolutions 

associated with the top two levels of the developing resolution (anvil) along the 

given infinite path of the iterative procedure are of maximal complexity. 

By the descending chain condition for limit groups ([Sell, 5.1), if we repeat 

this argument inductively, we obtain either: 

(i) a level d, and an index nd, for which the multi-graded resolutions associ- 

ated with the top d levels of the associated developing resolutions are of 

maximal complexity at all steps n > rid, and the image of Qn(y, a) in the 

limit group associated with the d + 1 level of the developing resolution is 

a proper quotient of Ql(y, a) for all n > rid; or 

(ii) an infinite sequence of limit groups Qn (w~(s(n)), y, a), with a corresponding 

sequence of (multi-graded) abelian decompositions, such that  the sequence 

of complexities of these abelian decompositions is strictly decreasing. 

Since a sequence of strictly decreasing complexities of abelian decompositions 

terminates after finitely many steps, part (ii) cannot exist. Hence part (i) holds, 

so there exists some index nq for which for every step n > nq along the infi- 

nite path of the iterative procedure, the procedure is effectively applied to a 

proper quotient of the limit group Rlim(y ,  a) with which we started the pro- 

cedure. Therefore, the descending chain condition for limit groups contradicts 

the existence of an infinite path, which implies that  the iterative procedure for 

validation of a sentence terminates after finitely many steps. | 
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